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General introduction 
The subject of this thesis is the elastic scattering of protons at energies up to 71
а
ь = 500 
MeV laboratory kinetic energy, corresponding to ры> = 1.09 GeV/c. Above 280 MeV, 
the pion-production threshold, inelastic scattering to non-pp particle channels can occur. 
Below 500 MeV, the possible inelastic reactions are pp —> ρρπ°, pp —* ηρπ+, and 
pp -> dir+ with thresholds at 280 MeV, 292 MeV, and 287 MeV, respectively. More 
examples above 500 MeV are given in Table 1.2. The inelastic scattering has its influence 
on the elastic scattering process pp —• pp as particle flux is lost into the pionic reaction 
channels. 
The pp wave function can be written as a sum over partial waves, each having specific 
spin and angular-momentum quantum numbers. The interaction between the protons 
causes a shift in the asymptotic behavior of the wave functions so that each partial 
wave undergoes a phase shift. The scattering observables can be expressed in terms of 
these phase shifts. Despite the infinite number of possible partial waves, only a limited 
number of phase shifts need to be determined, since in the higher angular-momentum 
partial waves the protons are screened from each other by the centrifugal barrier, and 
therefore are at distances from each other where the interaction is either theoretically 
well understood (e.g. electromagnetic) or tends to vanish. 
In the Nijmegen pp partial-wave analysis [Ber90], the well-known long-range part or 
tail of the potential outside a boundary ò = 1.4 fm is used to solve the radial Schrödinger 
equation. To obtain the lower angular momentum (J < 5) partial-wave phase shifts, the 
inner part of the interaction is parametrized in a phenomenological way by an energy-
dependent boundary condition, the P-matrix [Jaf79], which is the logarithmic derivative 
of the wave function at r — b. The theoretical predictions for the scattering observables, 
which are obtained by matching the P-matrix to the solution of the Schrödinger equation 
at the boundary, can be compared to the experimental quantities. In a multienergy 
partial-wave analysis, a x2-minimalization procedure is followed to fit the P-matrix 
parameters in order to obtain the best possible parametrization of the short-range part 
of the interaction, using as few parameters as possible. The long- and intermediate-
range part of the potential consist of electromagnetic (Coulomb, magnetic moment and 
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vacuum polarization) and nuclear (one-meson exchange) contributions. When inelastic 
reaction channels open for pp scattering, the phase shifts will become complex. This 
reflects the fact that the scattering 5-matrix is no longer unitary due to loss of particle 
flux to non-pp channels. The imaginary part of the phase parameter is called the 
inelasticity. 
In the past, the Nijmegen group presented a low energy partial-wave analysis with an 
excellent description of all elastic pp scattering data below 7і„ь = 350 MeV [Ber90]. In 
this energy region, inelastic effects are expected to play only a minor role [Вег87, ВегЭО]. 
The purpose of this work is to find out to what extent this is true and to continue this 
partial-wave analysis to 500 MeV and obtain the inelasticities necessary for a realistic 
description of the scattering data in this energy region. The data set used in the 0-
500 MeV partial-wave analysis is restricted to elastic pp scattering events, and the main 
objective of including inelasticities is therefore to improve the description of these clastic 
scattering data. 
The theoretical framework is a coupled-channels model [Sug68, Gre76a], in which the 
two-nucleon channels can couple to nucleon-delta channels via the AW —• NA transition. 
Throughout this work, Δ denotes Δ(1232), the delta isobar, which is the lowest pion-
nucleon resonance, with spin 3/2 and isospin 3/2, and mass 1232 MeV [PDG92]. Its 
physical pp production threshold is at T^ = 633 MeV. The Δ isobar is not a stable 
particle, however, but a resonance with a decay width Γ = 115 MeV [PDG92]. The 
dominant decay mode is the pionic decay Δ —• Νπ, so that the presence of the coupling 
to ΝΔ channels can already be felt at energies right above the pion-production threshold. 
At intermediate energies, the ./νΔ-channel coupling dominates in the lDi partial wave 
because it is coupled to an S-wave ΝΔ state, which lacks the centrifugal barrier. In the 
coupled-channels model, pion-production is automatically built in via the intermediate 
NA states through the process pp —* ΝΑ —* ΝΝπ, as was first suggested by Mandelstam 
in 1958 [Man58]. Not all pion production can be ascribed to the coupling to the NA 
channel, but the NA channel is known to dominate inelasticity in the intermediate 
energy region [РІІ79, Eri88]. 
The protons can also scatter to systems of two nucléons and a free pion or a deuteron 
and a pion. These processes in principle demand three-body calculations. For simplicity, 
we restrict ourselves to two-body calculations. The transition potential for the process 
pp —• ir+d is of short-range, so that the coupling of NN channels to πά channels can 
be included completely through the P-matrix by neglecting the tail of the interaction. 
The potential model is restricted to two-body calculations and we include all additional 
inelasticity artificially by giving the P-matrix an imaginary part if necessary. 
The wave function describing the NN-NA system satisfies the Schrodinger equation 
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in the model, which consists of a set of coupled equations. The chief ingredients for the 
potential describing this system are the nucleon-nucleon potential and the transition 
potential associated with the NN —> ΝΔ process. The ΝΔ <-» ΛΓΔ or diagonal inter­
action is of less importance [Gre79c]. By isospin conservation at the NA vertex, the 
transition NN —• ΝΔ is assumed to occur via pion- or rho-meson exchange only. The 
possibility of scalar <5(980)-meson exchange is neglected, due to the uncertainty of the 
coupling constant. Once the potential is derived from the corresponding two-particle 
Feynman diagrams, a coupled-channels partial-wave analysis can be performed using an 
ΝΝ-ΝΔ coupled-channels P-matrix. At energies where the ΝΔ channels are open for 
incoming nucléons the phase shifts will become complex. 
As has been explained, this can only happen at energies above 633 MeV for a stable 
isobar. The instable character of the Δ is essential for the inelasticities to be non-zero 
below this energy. We shall simulate the broadness of the Δ by coupling the NN channels 
to a weighted continuum of ΝΔ channels as is done by Lomon and Gonzalez [Lom86]. 
The Δ propagator is represented by a spectral decomposition with a Breit-Wigner mass 
distribution. For practical reasons this continuum is replaced by a finite number of single 
ΝΔ channels, each with Δ mass Мд, and Breit-Wigner weight ІУд,. In the coupled-
channels partial-wave analysis, each parametrized NN partial wave is coupled to such 
a discretized "continuum" of ΝΔ channels. 
In the final multienergy partial-wave analysis of 3328 pp scattering data below 500 
MeV, the lower partial waves are parametrized with 37 P-matrix parameters. The 
χί^-value obtained is less than 1.13 per degree of freedom. This is quite good in 
comparison with other recent analyses in this energy region. For example, the VPI&SU 
group [Arn87, Arn92b] presented a recent partial-wave analysis with X^/N^ » 1.6 in 
the 0-500 MeV energy region. 
Chapter 1 of this thesis starts with an introduction to the Rarita-Schwinger [Rar41] 
formalism for the scattering of spin-3/2 particles. In chapter 2 the solution of the 
ΝΝ-ΝΔ channel Schrodinger equation as well as some theoretical implications for the 
scattering formalism are discussed. The third chapter deals with the theoretical prescrip­
tion for the inclusion of the Δ width and the calculation of the Breit-Wigner weights. 
In chapter 4 the ΝΔ interaction potentials are derived in momentum space and the 
Fourier transformation to coordinate space is given. Chapter δ describes the 0-500 MeV 
database used in the partial-wave analyses and briefly recalls the statistical criteria in­
volved with the data selection. Chapter 6 discusses the parametrization of the P-matrix. 
In chapter 7 we discuss the results for various potential models and a comparison is made 
both with other intermediate-energy analyses and with the Nijmegen analysis up to 350 
MeV [Ber90]. A final outlook gives a few suggestions for the continuation and improve-
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ment of the model which was used in the resulting 0-500 MeV partial-wave analysis. 
The appendices added are dedicated to the model predictions for the various coupling 
constants, the parametrization of the scattering S- and A'-matrix in terms of the phase 
parameters, and the calculation of the two-body matrix elements and isospin factors. 
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Chapter 1 
The Ν Δ channel 
1.1 The Δ(1232) isobar 
The Δ isobar is the lowest πΝ resonance and has a central mass Мд ~ 1232 MeV and 
a width Г ~ 115 MeV [PDG92]. The Δ is instable and has two possible decay modes: 
Δ —> Νττ and Δ —• Nf. The former process is by far the most important: 99.4 % of 
the Δ decay is pionic. The spin parity of the Δ is Jp = | and the isospin is I = 
| ; therefore, the Δ is also referred to as the P33 resonance. The four possible charged 
Δ states are: Δ - , Δ°, Δ + and Δ + + . For simplicity we shall neglect the Coulomb 
interaction in the NA channel and treat these particles as one uncharged Δ. The NN 
system can have spin (isospin) 0 or 1 (singlet and triplet states) while the ΝΔ system 
can have spin (isospin) 1 or 2 (triplet or quintet states). In Table 1.1 we give the NA 
and τά states that can couple to isospin 1=1 NN states up to total angular momentum 
J = 5 when conservation of spin and parity is observed. The angular momenta of the 
7rd states can be obtained by vector addition of the pion spin-parity Jp = 0~ and the 
deuteron spin which is S = 1. AU two-particle states are labeled by the spectroscopic 
2 5 + 1
 Lj notation. The most important NA state is the 5 £ 2 that couples to the lD? NN 
state; this coupling dominates in the intermediate energy region because of the absence 
of a centrifugal barrier in the 7ν"Δ channel. For the ird channels a similar situation occurs 
for the coupling between the 3Pi AW state and the 35ι πά state. The maximum number 
of coupled NA states is four. The 3D-¡ and 3Gt NA states do not couple directly to 
the NN states (the transition matrix elements are equal to zero). Below 500 MeV the 
NA states of lowest angular momentum are dominant. For practical reasons only these 
states are assumed to be coupled to the NN system in this work. At higher energies 
other states become important as well [Lom82, Lom86]. 
8 The ΝΔ channel 




















Di Si DÌ Gì 
3F3 lb 5F3 5 Я 3 
3 G 4 =^4
 S G 4






з ^ 3 F ¡ ! 5p 2 s¡?2 
Э р 3LT 5 І ? 5LT 






















Table 1.1: ΝΔ and πά coupling to NN isospin 1 = 1 states. The underlined ΝΔ states 
of lowest orbital angular momentum are included in the present work. 
1.2 Kinematics 
To derive the threshold energy for a nucleón in the laboratory system needed to create 
a Δ isobar we consider the reaction 
Nl + Ni->N3 + Δ, (1.1) 
where ΛΊ is the beam nucleón with laboratory kinetic energy Т[аь and N2 is the target 
nucleón at rest. In the laboratory system the total energy of both particles is given by 
£iabU) = 7U + MNl £lab(2) = MN2. (1.2) 
The total center-of-mass (CMS) energy Ε
ΐταΒ
 is conserved and can be found by a Lorentz 
transformation to the CMS-system 
£cm. = Egn.jN^ + E
cmB{Ni) 
= yf{MNl + ΜΝιγ + 2TMMNl (1.3) 
= £™(ΛΤ3) + £cm.(A). 
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reaction 
pp —> ρρπ° 
pp —» dir+ 
pp —+ рП7Г+ 
PP —> ρ Δ + 
pp —• η Δ + + 









pp -+ Δ + Δ + 
ηρ —* άπ° 
ηρ —» ηρπ° 
ηρ —» ρ ρ π
-







Table 1.2: Threshold energies T¡ab for pp and np inelastic scattering. 
The CMS squared 3-momenta of the particles are given by [PDG92] 
[EcnJ - (MWl + MNi)2) [Е
стя
2
 - (MNl - MNi)2} k2 - k2 -
4£L 
, 2 ,,2 _ [E™ - (М^з + ΜΔ)2] [E^2 - (MN3 - ΜΔ)2] 
**, - *л -
 4 ^ 3 · (1.4) 
The threshold condition that ky be zero yields for the threshold energy in the laboratory 
system 
[(MN, + MA)2 - (MNl + MNl)2] 
Т\ъъ = To = 2MNl 
(1.5) 
This expression can be used to calculate the threshold for various nucleon-nucleon in­
teractions that are given in Table 1.2. We note that the thresholds for the ΔΔ- and 
AW-channels (where І *(1470) is the Roper resonance) are well above 1 GeV, and 
therefore of no concern, as we restrict ourselves to NN scattering below 500 MeV. 
1.3 Spin 3/2 formalism 
,ar41]. Particles with spin ^ can be described by a relativistic Rarita-Schwinger spinor [R;
 r 
This spinor is constructed from a Dirac spin-| spinor and a spin-1 vector field. We shall 
use the sign convention ρμ„ = diag(—1,+1,+1,+1) for the metric, so that s = ρ2 = 
10 The ΝΔ channel 
—m
2
, and use the Pauli-Dirac representation for the gamma-matrices 
/ 0 -<σ4 \ / Л. 0, \ 
Ъ =
 U 0 J' 7 4 = ( o - l j 
(1.6) 
/ о -a\ . о · 
75 = I __
 0 I = 7і727з74. «7 = "По = 74, 
where σ», are the Pauli spin matrices. Let us first have a look at the spin-1 states. 




 + іёу), e(0) = ê„ e(+l) = +y/\(êx-iêv). (1.7) 
Let Λμ„ be the proper Lorentz transformation represented by the 4 x 4 matrix 
л
" » = f A s + & * * _ Ì - ( ι · 8 ) 
where M is the particle's mass. The relativistic spin-1 field can be constructed from the 
spinor in the rest system through 
^ ( р ,
а
) = А"„(р)е*(0,<), (1.9) 
where s = -1,0,+1 and the condition is imposed that in the particle's rest frame 
е'{0,з) = е'(з) б°(0,а) = 0. (1.10) 




e(3) + P(C(8)-p) j 
(1.11) 
The relativistic analog of Eq. [1.10] is called the Lorentz condition 
p„£"(p,S) = 0. (1.12) 
Furthermore the spin-1 states are normalized 
e ; ( p , - ) £ " ( p , β') = «(*)· ·«(*' ) = *.•· (1.13) 
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Some useful properties that we shall need in order to derive the ΝΔ. potentials are: 
Pi + P2 
and 
Ρΐμ€Μ(Ρ2,ί) = «(a) · 








Рг(Р2 · е'(а2)) 
( Pi · Р2 ЕЛ] 
\М2(Е2 + М2) М2)\ 
о 4- о f P l ' P Z - -Е' i l 






(£2 + М2) 
\(. и Рі(Рі-Фі)) 
Aíi(£i + Afi) (1.15) 
Furthermore 
* [<->·(»4Β»Γ£))] · 
where λμ = ρ1μ — ρ2μ· The relativistic Dirac spin-| spinor is a bispinor given by 
U(P,S) = ^/E + M( σ £ ) , 
(1.16) 
(1.17) 
where s = — ¿, | and u(p, s) obeys the Dirac equation 
(17 · ρ + Λί )ω(ρ, s) = О, (1.18) 
where M is the nucleón mass. According to our conventions the conjugate spinor is 
given by 
й(р,з) = и\р,зЬ4 = Ё~Тм(х\ -xl-^^y (1.19) 
The spin-1 state can now be constructed from the spin-1 spinor ίμ(ρ,τπ) and the Dirac 
spinor u(p,s). It is the four-component Rarita-Schwinger spinor given by [Rar41] 
u^p,s) = j:C~Ùu(P,ny(p,m), (1.20) 
where s runs from - | to | . The Rarita-Schwinger spinor also satisfies the Dirac equation 
(¿7·ρ + Μ Δ Κ ( ρ , θ ) = 0, (1.21) 
12 The Ν Δ channel 
where Мд denotes the spin-| particle's mass. Important is the property: 
Ρ
/ ( ρ , ί ) = 7 / ( ρ , ί ) = 0 . (1.22) 
The Rarita-Schwinger spinors are normalized according to 
B"(p, s K ( p , β') = 2Λί Δ ί ,, . (1.23) 
The conjugate spinor reads 
B"(p, a) = Σ CÍ¿ñ(p,
 η
)£·"(ρ, m), (1.24) 
τι,m 
and obeys the conjugate Dirac equation. 
There are two possible spin-| states and four possible spin-| states. Let x
m
 be a 
spin-1 state and Ф
м
 a spin-| state. One defines a transition operator S transforming 
spin-2 states into spin-2 states with the matrix elements 
(|5|S|Ì3) = «Ssx. = Ss. = 5 : ^ y « » · (1-25) 
Tl 
The inverse operator S' one can define by 
( |S | s t | |5)=X js t* s=S s t s = E C i 1 j ein). (1.26) 
η 
To obtain the potentials starting from relativistic Feynman amplitudes we also need the 
operators between the nucleón and Δ spin and isospin states. The notational conven­
tions for the spin transition operators between nucléons and Δ isobars are as follows: σ 
for the transition | —• | , S for the transition | —• | , and Σ for the transition | —• \. 
The Σ operator is defined through its matrix elements 
<iS'|E
x
|§S} = <35' |Sa,St | !S). (1-27) 
The equivalent isospin transition operators we call τ , Τ, and θ. The matrix elements 
of these two-particle operators are given in Appendix C. 
The coupled-channels model 13 
Chapter 2 
The coupled-channels model 
In this chapter it is shown how the Schrödinger equation can be solved for the coupled 
ΝΝ-ΝΔ potential. First we show how the Schrödinger equation is solved to obtain the 
solution at the boundary of the inner region of the potential. This solution is matched 
with the boundary-condition matrix or P-matrix to obtain the correct wave function at 
infinity, from which the scattering K-maXnx can be obtained. This if-matrix finally, is 
translated in terms of phase parameters. The physical observables can also be expressed 
in terms of these phase parameters. In this way the potential model can be tested with 
the experimental scattering data. This is done in a so-called partial-wave analysis. 
2.1 The multi-channel Schrödinger equation 
The NN-NA coupled-channels potential we choose to be symmetric and reads 
ΛΤ _ ( лглг—лглг VN£Í->NN 
\ VjvjV-,ΝΔ лГД-.ЛГД 
The radial Schrödinger equation reads 
£5 - ¿2 + к* - fipvMx,{r) = 0 , (2.2) 
where x¡ is the multi-channel solution containing the solutions in the NN and ΝΔ 
channels while A;2 and μ are diagonal matrices in channel space for the squared CMS 
channel-momenta and the reduced masses. The centrifugal-barrier term L2 is a diagonal 
matrix with entries l{l+1). The factor y/Ίμ has to ensure the symmetry of the potential. 
Let the total number of AW channels be m„ and the total number of ./VA channels be 
m¿. One can write m¿ = m0 + mc, where m„ is the number of ΛΆ channels that are 
open to AW scattering at a certain AW momentum k%N (i.e. with squared momentum 
(2.1) 
14 The coupled-channels model 
Λ^ΓΔ > 0) ап<* m c is the number of closed TVA channels (kj,^ < 0). At г = 0 the regular 




where TV is the total number of channels (TV = m
n
 + m„ + m
c
). Outside the range of the 
nuclear potential (r = ϋ^) the situation is different for the open and closed channels. 
In the open channels (NN as well as TVA) the squared momenta will be positive and two 
independent solutions exist: the regular and the irregular solution. So we may write for 
the general solution xf at infinity 
X?(r) ~ aoflfa, kr) + ß.G,{v, кг), (2.4) 
where F¡ and G¡ are the regular and irregular Coulomb functions [Abr70], η is the 
Coulomb parameter, and a0 and Д, are real numbers. Note that xf° is just a numerical 
solution of the Schrodinger equation and not yet the physical solution. For the TVA 
channels that are closed at energy T^ , k%A as obtained from Eq. [1.4] will be negative 
and can be written as 
*&Δ = (+ік)2. (2.5) 
For closed TVA channels Аіу д is purely imaginary and there will again be a regular and 
an irregular solution for the Schrodinger equation at infinity 
Xf(r) ~ ОсНРіікт) + β,Η^ϊκτ), (2.6) 
where Я, and Я, are the Hänkel functions of the first and second kind [Abr70]. The 
asymptotic behavior of H^> is unphysical 
Я(
(2)(г«х) = ÍKThf\iKr) ~ г,+ , (2.7) 
so that this solution is not allowed. The asymptotic solution in the TAW channel can 
always be written 
XÑsiT) ~ ( ^ (b )K- 1 + G,(kr)) a, (2.8) 
where α can be any real number and К is the A"-matrix which is symmetric and real 
(and therefore hermitian). An equivalent prescription for the asymptotic behavior is 
хЦ„~(н?\кг) + н}1)(кг)8)а, (2.9) 
2.1 The multi-channel Schrödinger equation 15 
where S is the S-matrix which is related to the /f-matrix through 
S = (й + і К Х й - і К ) - 1 
К = i(lL - S)(u + S)" 1. (2.10) 
The expression for the asymptotic behavior of the wave function can be generalized for 
the coupled ΝΝ-ΝΔ system as 
*Г(г) • 
. / F, 0 G A 
*{0 tf> 0J 
/K-M 
7 (2.11) 








 respectively. The total number of independent solutions is Nloi = 2mn + 2m0 + 
m
c
. The Я, functions are real or purely imaginary, depending on whether / is even 
or odd. The matrix 7, which may be complex, has no meaning for the NN channels 
and Φ is a transformation of the wave function at г = oo to ensure that the 5-matrix 
is symmetric and unitary. In general it reads 
0 . 
(2.12) Ф = 0 
where μ< and Pi are the reduced mass and 3-momentum in the ¿th channel respectively. 
In case that we wish to account for the width of the Δ isobar Φ is to be multiplied 
by the diagonal Breit-Wigner matrix y/W 
f y/wï 0 ^ 
Vw = (2.13) 
0 у/Щі J 
where the entries u>< are the weight factors that simulate the width of the Δ isobar 
(to be discussed in the next chapter). The /f-matrix is obtained by integrating the 
solution from the origin outwards to a radius 6 (1.4 fm in this thesis) and integrating 
the solution at г = R^, (usually 25 fm) inwards. Then the two solutions and their 
derivatives can be matched at г = b. The physical solution and the derivative, which 
are obtained by outward integration from the origin to г = b, are denoted by Ψο(ί>) and 
Φ[)(6) respectively. At τ = fí„, we start with the numerical solutions 
X(oo) = (χι Χι Xi)
c 
X'(oo) = (xlxixUc ( ; ) - Ü 4 X ¡ 
(Χι Хг)Ь + Хз 
(2.14) 
x'2)L + xi, 
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where L is defined as 
L
 Ξ
 ( K 7 _ 1 ) , (2.15) 
and (χι X2 Хз)оо corresponds to the second matrix on the right-hand side in Eq. [2.11]. 
Now we integrate the solutions inward starting at τ = Roo to obtain the solutions χ(ί>) 
and x'(b) at г = 6. These can be matched to Фо(6) and Φό(ί>) with the help of a 
joining-matrix A 
*o(6)A = x(b) = (Xl(b)x2(b))L + X3(b) 
%(b)A = x'(b) = (x[(b)X'2(b))L + x'3(b). (2.16) 
Solving for A one finds 
A = Фо(б)"1 [(χι(ο) X2(b))L + χΜ = %{b)~l Ы(Ь)
 X'2(b))L + x'3(b)}. (2.17) 
This means that L is known 
L = (Φό(6)_1[λΊ(6) χ«*)] - ЫЬГ'ЫЬ) X2(b)})'1 
х(
 0(Ь)-'Хз(Ь)-%(Ь)-гх'3(Ь)), (2.18) 
and the X-matrix can be obtained from L in the form 
Κι has a number of entries identical to the number of NN channels while K4 has as 
many entries as the number of open coupled 7 Д channels. The effective A"-matrix for 





 + іЩі - iKA)-lK2. (2.20) 
The AW K-maXnx and 5-matrix can be parametrized in terms of phase parameters in 
several possible ways, as discussed in Appendix B. 
2.2 N o n - l o c a l potent ia l in a mult i-channel m o d e l 
When non-local (velocity-dependent) contributions are present in the potential these 
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which can be dealt with by the Green's trick [Gre63]. We shall, however, neglect them 
in the NN —» Λ/Δ and ΝΔ —> ΝΔ potentials. Initially the Schrödinger equation reads 
(1+2φ)χ" + 2φ'χ' + 
к
>-м^-і1+-Щ^+*" X = 0. (2.22) 
This can be rewritten in the form 
N >-S!£i* + Ν'χ' + k2 - fiiiVfiß 
where N is the diagonal transformation matrix 
(1 + 2ф) 
N = ( < І + а д
 t ) 
χ + !Ν"χ = 0, (2.23) 
(2.24) 
The non-local term φ appears only in the NN sector so that we can make the substitution 
χ = ΤΦ and we impose the condition 
2NT' + N'T = 0 
to remove the χ' terms so that the Schrödinger equation will read 
Φ" + 
r2 Φ = 0, 
(2.25) 
(2.26) 
where W is the so-called pseudo potential 
φ,μΤΝ^Ϊμ = (NT)- 1 V ^V V /2^T + ¿ ( N T ^ N ' T ' - (NT)_1A;2T + к2. (2.27) 
To include non-local contributions to the potential V one must use the pseudo-potential 
W when solving the Schrödinger equation, using standard methods. 
2.3 The boundary-condition model 
In a boundary-condition model we restrict ourselves to the potential tail (r > 6 ~ 1.4 
fm) and define the logarithmic derivative of the solution Ψ(£>) at г = 6 
Р(к2,о) = ОФ'(6)Ф(6) -ι (2.28) 
This boundary condition we call the P-matrix [Jaf79, Bak85]. We can now study the 
potential without knowing its short-range section by parametrizing the P-matrix as 
a function of the energy, which is discussed in chapter 6. To determine the phase 
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parameters we need to know how to obtain the /^-matrix once the potential tail and 
the P-matrix are given. As before we start with the numerical solutions at infinity 
X » = (Χι X2 Хз)ос Í J J . (2.29) 
Following the method sketched in the previous section we can write for L 
L = ([x'i(b)X2(b)]-*ó(í')*o(6)-1[Xi(í')X2(b)])"1 
x (*'0(Ь)ЩЬ)-1Хз(Ь) - x'3(b))) . (2.30) 
This connects L to the P-matrix Ρ through 
L = (Ixi(b) X'2(b)] - b-'P[Xl(b) χ2(6)])_ 1 (Ь-іРпіЬ) - X'3(b)) . (2.31) 
It is convenient to define the so-called propagation matrix U by 
U = ( *ί X'2 ~X'3 ) , (2.32) 
V -Χι -X2 Хз ) 
which consists of the solutions obtained by inward integration from г = Я«, to г = b. 
Then the block matrix (A B) is given by 
(A B) = (u b _ 1 P) U. (2.33) 
Now the АГ-matrix follows from 
L = ( K _ 1 \ = A ^ B . (2.34) 
The Schrödinger equation can be written in the general matrix form 
Ν(Βχ)" + Ν'(Βχ)' + Α(Βχ) = 0, (2.35) 
where A is the potential, N the transformation resulting from the non-local potential, 
and В contains the transformations for reduced masses and Breit-Wigner weights. В 
and N are both symmetric and diagonal. The potential A is real and symmetric and 
therefore hermitian: A = A* = A = A+. The Schrödinger equation for the solution χ, 
in the ¿th channel reads (assuming summation over j only) 
Ν„Β,χ", + Ν'„χ\ + ( Α Β )
ι ; χ ; = 0 , (2.36) 
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where 
A,j = ¿„A:,2- v^y^Kjy^x/wJ 
B,. = - - - — 
N„ = 1 + 2ф,. (2.37) 
The boundary condition at г = 0 is 
x(0) = χ(0) = xf(0) = 0. (2.38) 
The following three equations hold 
ΝΒχ" + Ν'Βχ' + ΑΒχ = О, 
χ"ΒΝ + χ 'ΒΝ'+ χΒΑ = 0, (2.39) 
x"
fBN + / B N ' + x fBA = 0. 
This can be rewritten in the form 
(χΒΝΒχ' - χ'ΒΝΒχ)' = 0, 
(χΉΝΒχ' - χ*ΒΝΒχ)' = 0. (2.40) 
From Eq. [2.38] we can define the two independent Wronskian conditions W\ and W2 
W1(Xa,xb) = xaBNBx'b-x'aBNBxb = 0 (2.41) 
^ϊ(χ . ,χ» )=χίΒΝΒχί-χ ' ΐΒΝΒχ» = 0, (2.42) 
where χ
α
 and хь can be any two solutions of Eq. [2.35]. To be symmetric the P-matrix 
must be defined as follows 
Ρ = Ρ = Ν Β χ ' χ ^ Β
- 1
. (2.43) 
This also affects the definition of the propagation matrix U if one wishes to anticipate 
a symmetric P-matrix 
/ Ν Β χ ί NBxi - Ν Β χ ; \ 
υ
-{-Βχ[ -Βχ>2 Βχ'3 J' ( 2 · 4 4 ) 
In general the P-matrix will also be real and therefore hermitian: Ρ = Ρ*. This only 
holds when all the reaction channels are included (so that no flux is lost). One can 
account for reaction channels that are not included (for example ird) by giving the NN 
sector of the P-matrix an imaginary part so that the A"-matrix KNN will be complex 
and the S-matrix is not unitary. This will be further discussed in chapter 6. 
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2.4 Symmetry of the if-matrix 
The correct boundary condition at infinity follows from the condition that the 5-matrix 
and /{"-matrix be symmetric and depends on the Wronskian W\ in Rq. [2.41]. At τ = п
ж 
we use the /("-matrix boundary condition 
ХГ(r) ~ {Fib, И И - 1 + Gito, H) a, (2-45) 
where α is a diagonal matrix to be determined yet. The Hänkel and Coulomb functions 
satisfy the following Wronskian relations for all г 
Я,
(1)(*т)Я',(2)(*г) - Я',(1)(Ах)Я,(2)(Ах) = -2ik (2.46) 
F,(kT)G'i{kr) - F'i(kr)G,{kr) = к, (2.47) 









 = - ( B N B a ) - 1 ^ ' - &F]- 1 R . C - x"
a
G] BNBa. (2.48) 
Now we substitute for χ
α
 this solution once again and obtain for K _ 1 
K _ 1 = -(BNBa)"1Q-1(2iAi)"1K_1(2iA:)aBNBa. (2.49) 
So the АГ-matrix indeed proves to be symmetric if a - 1 = By/Ñy/к, which means that 
a is a diagonal matrix with in the ith channel the entry 
an = V^l-^, (2.50) 
where V{ = ki/2ß, is the relative velocity in the ¿th channel. From the symmetry of the 
/¡"-matrix it immediately follows that the 5-matrix is also symmetric. Furthermore the 
AT-matrix is real and therefore hermitian 
Kf = К (2.51) 
so that the 5-matrix is unitary 
SS f = StS = u. (2.52) 
The physical meaning of the 5-matrix being unitary is that particle flux is conserved, 
provided that the 5-matrix is extended to all reaction channels. 
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Chapter 3 
The width of the Δ(1232) 
resonance 
3.1 Introduction 
As a result of the instable nature of the Δ particle the ΝΔ channel couples to the NN 
channel far below 633 MeV (at energies above the pion production threshold). The 
width of the Δ isobar can be included by using a complex Δ mass in the Feynman 
propagator [РІІ67] 
М = Мь- ¿Γ/2. (3.1) 
The function T(k2) is the energy-dependent width and Мд = 1232 MeV is the Δ central 
mass. 
We shall include the width by coupling the NN channel to a continuum of ΛΓΔ 
channels each having a different Δ mass, and forming a Breit-Wigner distribution. For 
practical reasons the continuum is replaced by a finite number of channels (in general 
we shall restrict ourselves to 20 channels). The width of the Δ isobar is then discretized. 
An alternative approach is based on the use of an effective P-matrix in the NN sec­
tor [Lom82, Lom86]. This method, which is discussed in chapter 6, has a disadvantage 
in that the transition potential NN —• ΛΓΔ cannot be included simultaneously with the 
Δ width. Tf one wishes to include the long-range part of the transition potential one is 
forced to couple explicitly to the N& mass channels. This on the other hand has the 
drawback of a considerable increase in computer time and storage used. 
This chapter is devoted to the reduction of the Bethe-Salpeter equation to the 
Lippmann-Schwinger (LS) equation [Lip50], and the subsequent derivation of the Schrö-
dinger equation, taking into account the coupling to the Λ/Δ channel and the Δ width. 
The parametrization of the width as a function of energy and the calculation of the 
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Pi ; P2 
•vi Рз1 
Figure 3.1: Two-particle Feynman-diagram. 
Breit-Wigner weights are discussed in the final section. 
3.2 The Lippmann-Schwinger equation 
One can summarize the scattering in the NN channel and the Λ/Δ channel by writing 
N + D -> N' + D', (3.2) 
where N and N ' denote nucléons while D and D' can both be either nucléons (for NN 
scattering) or Δ isobars (for ΝΔ scattering). In the laboratory frame the initial and 
final particles' 4-momenta are assigned as in Fig. 3.1. 
Pi = (£i,Pi ) , P2 = (^2,P2), Рз = (£з,Рз), P4 = (£ 4 ,p 4 ) . ( 3 · 3 ) 
The single-particle states are normalized relativistically according to 
<p', s' |P, *) = (2π) 3 2£(ρ)5 3 (ρ' - ρ ) ί . , (3.4) 
In the center-of-mass system we can define the 4-momenta 
Ρ = P1+P2 = P 3 + P 4 = {0,y/s), 
q = ( p i - p
a
) / 2 = ( q 1 ( £ ? 1 - £ b ) / 2 ) , (3.5) 
Я' = fa-pt)/2 = (q[,{E3-E1)/2), 
so that 
Pi = P/2 + q = (E
u
q) pi = P/2 - q = {E2, - q ) . (3.6) 






It is common to write the NN scattering matrix elements on a Dirac-spinor basis [Gib74, 
Nag77] 
T/, = B3(q', a3)Ut(~q!, a4)M/,(g', q, P)wi(q, i i)« 2 (-q> s2). (3.8) 
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Analogously for ΝΔ scattering the scattering matrix is defined on a Rarita-Schwinger 
spinor basis 
Ί>ί = Í¿3 (q', i3)ö4(-q', s4)M/i(5', q, P)ui„(q, Si)u2(-q, s2). (3.9) 
M/i is the scattering amplitude that satisfies the relativistic Bethe-Salpeter equation 
which reads [Sal51] 
+ Σ ƒ (2^4 M /"( 5 ' ' *». P ) G "( f c «- P)M
ni(kn, q, P), (3.10) 
where η runs over all the 2-particle channels, M l r r contains the contributions of all 




, P) is the 2-particle Green's function in the 
nth channel. For a stable particle like a nucleón the denominator of the free particle 
Feynman propagator is [Bjo65, Car71] 
M P 2 ) =
 p T T ¿ — - (3.11) 
We shall now discuss the Lehmann representation [Leh54, Bjo65] for the free Δ prop­








 + Мд2 - Г/4 - ¿ΜΔΓ(ρ2) - ie 
р^ + Л ^ - г М д Г Г-ге' ( З Л 2 ) 
From Cauchy's integral theorem it follows that for a complex function f(z) with a 
branch point ¿o on the real positive axis 
where Af¡ denotes the discontinuity in the imaginary part of ƒ (z) over the branch cut. 
The discontinuity for the Δ propagator is 
Δ/,(ρ2) = lm{A(p2 + ie)-A(p2-ie)} 
I m
 Ы " + ' M J ^ іМ
А
Г{рІ) ~ pi + Мд2 - ¿МдГ(р2_) J 
Мь(Г>(рІ)-Г(рІ)) 
- (р2 + Мд2)2 + Мд 2 П' ^ i 4 J 
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where p_ and p+ are the momentum in the lower and upper half plane respectively. So 
we need the discontinuity in Γ(ρ 2 ) over the cut. It is sufficient to know here that Г 
behaves like p 3 at the ΝΔ threshold. In the complex p 2 plane Г will therefore have a 
discontinuity of the type V p 1 
ЦРІ) - гТ(р2) Г(р2_) -> -¿Г(р2). (3.15) 
Inserting this in Eq. [3.14] yields for the discontinuity Afj(p2) 




 - ΟΓΠΟ» + л/д^ г ) ' ( З Л 6 ) 
and the free propagator will be given by the dispersion integral [Leh54, Bjo65, Sch71] 
Δ(ρ
2) = Γ ^ - # Ç - = Γ dpMÇ—- (3-17) 
v y
 7mg т ' 2 + р 2 - г е Ур§ р'2 + р 2 -ге v ' 
or in terms of the mass M, 
Δ ( Μ 2 ) = / > Μ ' 2 - - 4 ^ , (3.18) 
JM% M'2 + M2 — ге 
where Mo is the sum of nucleón and pion mass, and the distribution ρ is given by [PÜ67, 
РІІ79] 
/ 1 # 2 . 1 ΜΔΓ(Μ2) , „ , „ . 
This is a normalized Breit-Wigner distribution: 
ΓάΜ
2
ρ{Μ2) = \. (3.20) 
In general the 2-particle Green's function in the nth channel is the product of the 
single-particle propagators and can be written 
G„ = G(M 2 J ® G(M 2 J . (3.21) 
If channel η is an ΝΔ channel one of the particles is instable and G„ must be replaced 
by the spectral representation we just derived 
G „ = ƒ dM2D p(M2D)G(M2 ) ® G(M2N). (3.22) 
T h e integral can be represented, in principle to arbitrary accuracy, by a weighted sum 
(for example a Gauss quadrature) 
Gn = Zw?P(Mk)GWl) ® G « ) . (3· 2 3 ) 
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where W* are the quadrature weights. This can be abbreviated to 
G„ = £ w.G(AÍ¿.) ® G(M¿). (3.24) 
i 
The instability of a particle in a 2-particle channel is then represented by a weighted sum 
over a number of channels and the 2-particle Green's function is a diagonal matrix over 
these channels. In general the relativistic Feynman propagator for spin-¿ and spin-| 
baryons can be written [Bjo65] 
G\'UP) = /а4х(0|т(ф({;\(х),Ф({і„)}(0))|0)е-^ (3.25) 
ρ
2
 + M2 — ie' 
where s can be either \ or \ and the Lorentz indices μ and ν must be read for spin-
\ baryons (Δ isobars) only. Τ denotes the time-ordered Wick product and Π* is the 
relativistic projection operator on the single-particle stales. The Feynman propagator 





 + τη2 - ie Ε(ρ) 
Aff }(p) Aff }(-p) 
Po - E (ρ) - ie po + E(p) + ie (3.26) 
where Λ+ and Λ" are the non-relativistic projection operators on the positive- and 
negative-energy states. We do not need the explicit expressions for these projection 
operators, but they are defined by 
2MN\









μΙ*\ρ,Μΐ) = ¿ U„(p,MÍ,a)®Mp,M¿,s). (3.27) 
We shall now derive an expression for the 2-particle Green's function G in terms 
of these projection operators on spin-| and spin-| states. In case we wish to account 
for the Δ width the propagator for the spin-| particles will be given by the Lehmann 
representation 
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The 2-particle Green propagator is a product of the single-particle propagators. For the 
NN channels it reads 
G(k,P) = -i-
πΦ((ί + *)2)] [n(2>((f-A)2; 
(3.29) 
'((? + *)» + щ - u) ((£ - к)* + мъ- U) · 
For Λ/Δ channels the 2-particle propagator is 
С (kP\- іГаМ2о(М2) пФцЕ + Ц'.ЛОпФ«*-*:)') G M ( t , Ρ ) - - / m ? ¿Л/ „(M ) J ^ f c ) 2 + M 2 _ i e ) ( ( f _ , ) 2 + щ zrj• 
(3.30) 
We can now obtain the non-relativistic LS equation [Lip50], which is the integral equiv­
alent of the Schrödinger equation. First one writes the relativistic propagator Gn as a 
sum [Log63, Bla66] 
Gn = gn + (Gn -gn), (3.31) 
where gn is the non-relativistic propagator appearing in the LS equation. Now we write 
for the scattering matrix 
M = W + WgM, (3.32) 
where W is the pseudo potential given by 
W = M'" + M'"T{G - g)M. (3.33) 
We require Gn and gn to have the same singularity structure when the particles Dn and 
Nn are on mass shell [Nag75] so that 
lm{Gn(kn,P)) = lm(gn(kniP)) 
3 
= - î J dM2DAMk) KMDnC2\K, M2DJ 2πίδ((Ρ/2 + kn)2 + M2DJ 
x2¿MN„A+(2>(-kn) 2ттг5((Р/2 - kn)2 + M2Nn) 
= - y ƒ dM2Dnp(M& 2MDn\$\kn,M¡¿ 2М„„Л+Ф(-кп) 
(3.34) . i(Vï - Sa. - Я*.Ж*2 - I ДРп + 2 fiü 
where A;n is the relative momentum, and we used 
E2Nn(kn) = k2n + M2Nn, E2Dii(kn) = k2n + M2Dn. (3.35) 
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We can now express g
n
 in terms of the on-shell momentum q
n
 because Ρ and q* are 
related through Eq. [3.5] and use the equality 
S(VS - EDn - EN.) = S(ql - k l ) 2 E o ^ (3.36) 








n q , 2 _ q 2 n _ i e · (3.37) 
Expressing Im(<?
n
) in terms of k
n




{kn,ti)) = -ж2 j dMl„p{Ml
n
)2MDXl*\kn,Mln) 
χ 2MN„A+&(-)ín)S(ú-k2n)S(k0n-l2EDn + lENJ/(EDn + ENJ, (3.38) 
and by integration we find for the 2-particle propagator 
9n(kn,4l) = JdMlnp(MlJ 
2n6(k°n - ¡EDn + l2ENJ 2MDXI*\K±MIJ 2Μ
Νη
\Η1\-Κ) 
(2EDn + 2ENn) ЧІ-К + " 
Eq. [3.32] can now be written in integration form 
Mf,(qf,q„P) = W}t(q}iqi,P) 
, V- [d*k"ur ι ι. D\ 2MD„MNn А + ф , ь * 







where we replaced the integral over M¿n by a weighted sum over a finite number of TVA 
channels (the actual discretization of the Δ width). For NN channels the weights w
n 
are equal to unity. In the NN channels we can define the potential Vf, by 
VfiiQf, Я» Ρ) = ü3(q/, s3)w4(-q/, S4)W/,Ui(q„ ai)-¡í2(-q„ «2), (3.41) 
while for the ΝΔ channels Vfl becomes 
V/t{qf, ?,, P) = u${qf, s3)ui(-qf, 54)iy/,u1/J(q„ Si)u2(-q„ s2). (3.42) 
Finally, the integration over k° is performed and we use Eq. [3.27] to obtain the non-
relativistic LS equation 
Tf,(q/,qi,P) = Vf,(qf,qi,P) 
+ Σ «ь ƒ Sn3 Ы*'k- η *
 д2 ί + Μ χ I E - Л Α -
 ( 3
·
4 3 ) 
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3.3 The Schrödinger equation 
The and Schrödinger equations are equivalent and we can now obtain the expression 
for the latter equation in case of a non-zero width. In matrix notation the LS-equation 
reads 
Τ = V -(- VGT, (3.44) 
where G is the Green propagator. In momentum space the solutions of the LS equation 
are given by 
Φ(ρ) = Φ°(ρ) + G°(p, Po) ƒ dV(p | V | ρ')Φ(ρ'), (3.45) 
where Φ°(ρ) is the free solution in momentum space: Φ°(ρ) = <5(3)(p — Po), and G° is 
the Green propagator. In the non-zero-width case the solution in the ¿th channel will 
be 
Φ.(Ρ) - *?(P) + Σ " . G?(P-Po) ƒ dV<P I V | Р%Ф,(р'). (3.46) 
To switch to coordinate space wc use the completeness theorem 




| Ф ) . (3.47) 
By definition Φ(ρ) = (ρ | Φ). So in the multi-channel case 





+ Σ > , ƒ d3p G°(P)Po) Jd3p' V(p,p%*,(p'). (3.48) 
The Green propagator G° is given by 
G?(p(Po) = — ~ L - - - , (3.49) 
-& + £ + " 
and μ, is the reduced mass in the zth channel. Using V = φ we can write 





¿л -г pQ — ze J J 
where Δ denotes the Laplacian. This can also be written 
- ¿ ( Δ + Ρ 8 ) · . ( Γ ) — ¿ ( Δ + pg)^' 
+ £ u , / ¿ V ( r | \ / | r % < r ' | * , > · (3.51) 
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The first term on the right-hand side vanishes. Now we perform a transformation that 




' = - В ^ Ч ) ^ , (3.52) 
or 
- Д Ф , + Е Ц , Ф , = Р2Ф„ (3.53) 
J 
using the substitutions 
1 1 
Ф, = - = — Ф , V4 = ^wXjJw^, (3.54) 
to ensure that the transformed potential V is symmetric provided V is symmetric. In 
spherical coordinates we can write for the Laplacian 
Inserting this in Eq. [3.53] yields the radial Schrödinger equation 
d2 L2 
dr2
 г 2 - (т) + к2)Хі(т) = 0, (3.56) 
using the usual substitution where x¡(r) is related to the physical solution Φ through 
ф(г) = ^ V L S ¿ r . (3.57) 
τ 
YLSMj are the simultaneous eigenfunctions of the operators L2, S2, J2, and Jz given by 






3.4 Energy dependence of the width 
The shape of the Δ isobar, which is essentially a πΝ resonance, as a function of the Δ 
mass is determined by the energy dependence of the width Γ. To reproduce the observed 
experimental threshold behavior of the irN cross sections one can write [Bla52, Bra73] 
for Γ 
0 klN < 0 
T№N)=< k=l£ - (3.59) 
27Д3*3 p
 > η 
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where /г
т
л/ is the maximum CMS momentum in the πΝ system. The parameters 7 = 71 




 is the Compton wavelength of the pion) are called the 
reduced width and the interaction radius, respectively. The values quoted are obtained 
from πΝ cross section measurements. 
We shall first express к
ж
щ in terms of T¡ab in the AW system and consider the process 
N + N — Ν + πΝ. (3.60) 





) kN = (-к»дг, EN). (3.61) 
The invariant mass in the πΝ system is 
'*N = - £ v = (EN + E*)2. (3.62) 
Expressing Ε
τ
 and Ец in k„N and the pion and nucleón masses we find the relationship 
,2 _ [ M - К - MNf] [s„N - (m, + MN)2] 
Κ
πΝ
 — - . {ό.Όό) 
4s^N 
From conservation of total energy it follows that 
S„N = (V3N\ - Mjv)2, (3.64) 
and for identical nucléons SNN can be expressed in the laboratory kinetic energy in the 
incoming AW channel 
3NN = 2MN(2MN + Tub). (3.65) 
There are two cases of special interest. First one can put k\N = 0 which yields 
Т|
а
ь s 280 MeV, being the pion production threshold. In the second place one can 
substitute the Δ production threshold; 7]
а
ь = 633 MeV. This yields 
y/s7Ñ - 1232 MeV = Жд 
k„N ~ 227 MeV/c (3.66) 
Г ~ 120 MeV. 
We note that indeed ,/S^Ñ corresponds to the central Δ mass with a width of 120 MeV. 
Now we can relate the width Γ to the Δ mass. Remember that the weighted sum in 
Eq. [3.40] represents an integral of the type 
1 = [" dM2p{M2)f(M2), (3.67) 
Ja 
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with p(x) the normalized Breit-Wigner distribution of Eq. [3.19]. The beginning of 
the interval [a,b] is determined by the lowest possible Δ mass squared (i.e. Мд2 = 
{MN +τη
τ
)2) and the upper limit can be chosen such that the interval [a,b] is symmetric 
around Мд2 = Μ Δ , for example Μ Δ + Μ Δ —(Мдг+т*)2. The integral I can be replaced 
by a sum by means of a Gauss quadrature 




where the Gauss-quadrature weights w\ and points 3/, are given by 
ti;? = 2 [ ( l - i , ) a ( ^ ( ï . ) ) î ] " 1 , ІЬ = І(6-а) і , + 1(Ь + о). (3.69) 
The weights are normalized as Σιν* = 2, and x, is the ith zero of the Legendre 
Figure 3.2: The Breit-Wigner mass distribution ρ(Λ/Δ) versus ΜΔ/Λ/Δ with Мд the 
central Δ mass (1232 MeV/c2) and 20 contributing mass channels. The Breit-Wigner 
function is normalized to one. 
Polynomial PN on the interval [-1,1] [Abr70]. Now the integral I can be written 
/ dxp{x)f(x) = £ а , Д у . ) 
Ja
 t 
α, = I (ò - α)ρ(ΐ/,)ω? 
У, € [a,b]. 
(3.70) 
32 The width of the Δ(1232) resonance 
The normalization condition yields 
£ > , = / dxp(x) = l. (3.71) 
In the multi-channel model each NA channel with mass Мд, has now a weight W(M&t) = 
a,. Instead of a Gaussian distribution one can e.g. use a Chebyshev distribution where 
the points j/, are spread equally over the mass interval [a,b]. The Breit-Wigner distri­
bution ρ(ΜΔ) is shown in Fig. 3.2. 
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Chapter 4 
The potential 
4.1 The potential in momentum space 
In the NN-NA coupled channels model one can distinguish several one-boson exchange 
(OBE) Feynman diagrams. The important transition potential NN —• ΝΔ can be 
associated with the diagram shown in Fig. 4.1. Since the nucleón and Δ isobar carry 
isospin quantum numbers ' and \ the exchanged meson must have isospin equal to I = 1. 
Therefore only π, ρ and 6 mesons can be exchanged in the transition process. The scalar 
5(980)-meson exchange is not included, because of the uncertainty in the ΝΔ6 coupling 
constant. In a previous calculation the contribution of 5-meson exchange was found to 
be negligible [Haa87]. 
In the ΝΔ channel the process ΝΔ —» ΝΔ can take place through the direct and 
exchange process shown in Fig. 4.2. The direct diagram has the characteristical ΔΔ 
vertex which makes also the exchange of isoscalar mesons possible (of which the 7/(548), 
б(760) and w(783) meson are the most important), but we neglect the possibility of 
isoscalar-meson exchange in this diagram as well. The coupled NN channel and ΝΔ 
channel are properly described by the radial Schrödinger equation and the potential V 
N 
N ' N 
Pi PA 
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Δ ¡ Δ Δ Ν 
Ν ' Ν Ν
 ;
 Δ 
Figure 4.2: The direct (ΝΔ -• ΝΑ) and exchange (ΝΔ -» AN) diagram. 
is a symmetric matrix of the form 
ι/ τ/ \ 
(4.1) { Vm, _ 
— ЛЯ V NA - . NN 
NA VNA - . ΛΓΔ 
where VNN _ #¿ = V ^А — NN- We can calculate the diagonal potential дгд _ NA by 
summing the contributions of the direct and exchange diagram. In the next sections 
the pion-exchange contributions to the potential in momentum space are derived from 
the transition, the direct and the exchange diagram. 
For convenience we introduce some notational conventions. We shall assign the 4-
momenta j>\ and рз to the incoming particles and the 4-momenta P2 and P4 to the 
outcoming particles as shown in Fig. 4.1. The exchanged meson has 4-momcntum k. 
Each nucleón spin wave function we denote with χ
σ
 and each Δ - isobar spin wave 
function with "J's- In the CMS-system the corresponding 3-momenta will be 
Pi = - Р з = Ρ P2 = -P4 = P', (4.2) 
the only exception being the exchange diagram, where we choose pi = —рз = —p. 
Furthermore we will use the CMS-variables к and q defined by 
к = P2 - pi = p ' - p, 
q = (Pi + P2)/2 = (p + p')/2, (4.3) 
η = РіХрг = pXp' = qxk. 
Up to second order in к and q the following expansions are valid: 
8M¿ V Ί I 1Μ
Χ 
(E, •Лщ * ¿-8M7^k2 + q 2 ± q - k ) · 
(4.4) 
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where the minus sign applies to particle 1 and particle 3. An overall coefficient appearing 
in all the potentials is 
AT(k,q) = [2EX{E, + M,)2E2{E2 + Мг)2Е3{Е3 + М3)2ЕА{ЕА + A/4)]ä 
* (16Л/,Л/2М3Мз)l 32 \M? + Ml + Щ + Ml) ν + q ' 
+§(e"a+¿"A)qk]· (45) 
As of now we use f„ m¿, and <x, for the energy, mass, and spin quantum number of a 
nucleón. For the Δ isobar we use E„ M„ and St. 
4.1.1 The nucleón-nucleón potential 
We shall review the nucleon-nucleon interaction only briefly here because it has been 
extensively discussed in the past [Nag78, Ber90]. The long-range and intermediate-
range parts of the potential consist of nuclear and electromagnetic contributions. The 
electromagnetic interaction consists of the modified Coulomb potential Vc [Aus83], the 
magnetic-moment interaction мм [Aus83, Sto90a, Sto90b], and the vacuum-polarization 
tail Vvp [Dur57] (which is only important for the 1So partial wave at energies below Тиь 
= 30 MeV) 
VEM = VC + VMM + VVP. (4.6) 
The modified Coulomb interaction is given by Vc = Vci + Vci, where Vc, = α'/τ and 





(A + k2)- + -(A + k2) (4.7) 
with a' = 2Ηη'/Mp, and η' = а/ \
л
ь the relativistic Coulomb parameter. The longest-
range nuclear potential is the one-pion exchange (OPE) interaction given by 
* » - 3™-^ ( £ ) * (MwYi [<-'•>•*• (1 + M)l· - ' 
where χ = mTor, /
2
 0 is the ρρπ° pseudo-vector coupling constant, and the factor 
(Mp/E) is present only in the partial-wave analyses. The recent value obtained is 
0.0750(7) [Klo91]. We keep it fixed at the rounded Nijmegen value [Sto93] 
ti 
-ψ^ = 0.075. (4.9) 
The intermediate-range interactions included in the NN potential are the heavy-boson 
exchanges of the Nijmegen soft-core potential [Nag78]. In the singlet partial waves 
the potential is multiplied by a parameter f^d = 1.8 in order to correct for slight 
imperfections in the potential tail [Ber90]. 
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4.1.2 The NN -> NA transition potential 
The Feynman diagram, corresponding to the process NN —» ΛΆ, is shown in Fig. 4.3 
together with the 4-momenta and spin quantum numbers assigned to the different par­
ticles. The Δ isobar wave function Ψ s transforms as an axial vector under the parity 
PiiCi,»ni,ffi 
Рз,«з>"із,стз 
• P2, E2, Мч, Si 
P4,64,m4,ff4 
Figure 4.3: Feynman diagram corresponding to the transition NN —» Ν Δ . 
transformation. For the ΝΝπ vertex we use pseudo-vector coupling. For the upper 
ΝΑπ vertex the interaction Hamiltonian is [Сагбб, Car67] 
7ί
ΝΑτ
 = ^'Ър Рф + b.c., (4.10) 
πι
τ 





 Ф У У Ф О ^ (4.11) 
The isospin factors are omitted here and will be discussed in Appendix C. The scattering 
amplitude Μ μ in terms of Dirac spinors u(p, σ) and Rarita-Schwinger spinors uM(p, S) 
is 







m¿ к2 + m% 
For the contribution of the ΝΑπ vertex we have the reduction 
w'
i(P2,52)A;Mu(pi,ff1) = ΰ μ (ρ 2 ,5 2 )ρι μ ΐ ί (ρι ,σ 1 ) 
= Σ
 C
~ І £ * ( Ρ * . m)e-(p,, n)p 1 ( t i*( P l , аг) 
- « "
+
" * > < * + " » M " * **8 • h + [ т т т щ - ¡к) •-. 
x[(ei + mi)(E2 + M2) - pi · p 2 + ia · (pi Xp2)]xsi· (4.13) 
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The last step involves the property 
Φ£(8 · &)AXm = Σ C£ ІГ(е(п) • &)Хт,АХт, (4.14) 
where a is an ordinary 3-vector and A is a spin operator which in this case is the 
spin-transition operator of Eq. [1.25]. The ΝΝπ vertex yields 
ti(p4, σ4)7μ75λ'ΜΡ3, σ3) = u( 4 , cr4) (7 · Pi 75 + 7s 7 · Рз) и(рз. ^з) 
= г(шз + т4)й(р4,а4)75и(Рз,стз) 
( т з + т 4 ) 
(4.15) 
= г-
^ ( е з + пг3)(е4 + т 4 ) 
Eqs. [4.13] and [4.15] yield for the scattering amplitude 
λ>4 [(σ · ρ 4 )(ε 3 + τη3) - {σ · р 3 )(е 4 + т 4 ) ] χ„ 3 . 
-M« = ÎNSTÎÎ ΝΝτίΝΔτ 
1 
"»Î (Pi - P2)2 + m% 
χ [(ει + mi)(E2 + M2)(e3 + m3)(f4 + m 4 ) 
Р 1 + Р 2 ( щ ^ P2 
x [(ci + mi) (£ 2 + M2) - p! · p2 + г σ • (pi Xp2)] χ*, 
χ χ
σ 4 ( " ΐ 3 + m 4 ) [(σ · p 4 )(e 3 + m3) - (σ · p 3 )(e 4 + m4)] χ^. 
(4.16) 
The scattering amplitude can be written 
Mft = j2¡¡2ÉiX^l)^(2)Vx(l)X(2)V^2ri, (4.17) 
where the arguments (1) and (2) for Φ and χ refer to the upper and lower vertex 
respectively and V is the potential in momentum space 
V = INN-KINA* (ТП3 + 77l4 
where 
/ m 3 i4\ 1 
V ~Ñ / (pi - p2)2 + m\ 
С \ , ( Pi ' Ρ 2 £ l V 
x S l
' [ P l + P 2 U 2 № + M2)-iw2Jj 
χ [(£1 + m i ) ( £ 2 + M2) - Pi · P2 + i<ri • (P1XP2)] 
* [(°"2 · Р4)(сз + m3) - (<r2 · p 3 )(e 4 + m 4 ) ] , 
N 2 = 2ei(e! + т ^ Б ^ Я г + M2)2e3(e3 + т 3 )2б 4 (б 4 + тгц). 
(4.18) 
(4.19) 
3 8 T h e p o t e n t i a l 
Now we change to t h e CMS variables k,q, and η of Eq. [4.4]. T h e potential V(k, q ) in 
terms of these CMS m o m e n t a reads 
y/x, \ _ ΙΝΑΚΙΝΝ* {ІЩ + π ι 4 ) 1 
τη
2
 (Ібтпі M 2 m 3 m 4 ) к 2 + m2, 
χ [ (Si • k ) ( a 3 · k ) C + (Si · ί)ΐ(σχ • η)(σ3 • k)V,k0k 
+ (Si • k)(a3 • q ) l £ + ( S ! · k ) i ( f f l · n)(«r, · q ) K l ' 
+ ( S , · q)(<r, · k)V,f + (Si ·
 4 ) ί ( σ , · n)(<r a · k)Vs'0* 
+ ( S ^ q K f f . - q J V ^ + f S j - c O i i ^ - n K f f . - q ) ^ ] . (4.20) 




... Д* In terms of t h e masses can be calculated 
with t h e help of [4.4] and [4.5]. For convenience we define t h e mass ratios 
771 
™tJ = — i , j = 1,2,3,4. (4.21) 
We find 
V? = / o + / i k 2 + / 2 q
2
 + / 3 ( q - k ) where 
f0 = 2 m i M 2 m 4 ( l + m 1 2 ) ( l + 77134) 
¡1 =
 8 7 η 4 ( 1 + m i 2 ) ( l + 7Пз4)[3 + 77ii2 + m 2 i + 77гізт24 
—
 2 ( m 2 i + 77112 + ТП13ТП23 + т ц Ш и ) ] 
ƒ2 = —^7714(1 + т з 4 ) [ 2 т 1 2 — 2 — 77i12 — m 2 i — Ш і з ( т і 4 + Τ7ΐ24) 
+ j ( l + "Ііг)(ТО2і + ТПи + ТП13ТП23 + 7Пі477І24)] 
h = | m 4 [ ( l + T 7 i 3 4 ) ( m 2 i - т 2 2 - т і 2 + 3 + ^ ( 1 + т 1 2 ) (4.22) 
(77І21 — Т7І12 + 771із7П2з — T7ll477l24)) + (1 + ТПі2)(7П34 — l)mi 3 77l 2 4 ]. 
К ? = /o + A k 2 + / 2 q
2
 + / 3 ( q - k ) where 
/о = - 4 m i j U 2 7 7 i 4 ( l - 7 7 i i 2 ) ( l + m 3 4 ) 
fi = J m 4 ( l + т з 4 ) [ 2 + 2 т п і 2 - m 2 i + T 7 i 2 2 
+ ¿(1 — 77li2)(77l21 + 77li2 + ТП^ТИгз + 77li4m2 4)] 
/ 2 = 77l4(l + m 3 4 ) ( l — 7Пі2)[3 — m u — m 2 i — тіз7П24 
+
 2 ( m 2 1 + Т7І12 + 7Піз77123 + ΤΤΙ^ΤΤ^)] 
/з = 77І4[(1 + 771з4)(т21 + т 1 2 — Т7І12 — 3 — j ( l — 7Пі2)(7П21 — 77І12 
+771ΐ377ΐ23 — 7Пі477г24) - (1 - Т7гі 2 )(т 3 4 — 1)тіз77г24], (4-23) 
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V? = /o + /ik2 + /2q
2
 + /3(q-k) where 
Λ = \т^\ + m 1 2 ) ( l + m 3 4 ) 
Λ
 =
 е т ^ ( 1 + т 3 4 ) ( 1 + ті2)[2пг4і+пг2з 
м 2 
— 2(77J42 + 7^ 21 ПІ41 + Лг 2 3 т 4 3 + ^ м ) ] 
h = - 7 - j r ^ ( l + πΐ34)[(1 + т і 2 ) ( ? ( т 4 2 + m 2 im 4 i+гп2злі4з+ 7П24) - 2 т 2з) 
М 2 
+ т 4 і ( т і 2 - 1)] 
h = - | w-H4i + m 3 i - ( И - т і 2 ) ( 2 ( " г 2 4 - т 2 з ) + | ( 1 + т 3 4 ) 
+ ( т 2 і т 4 і — т « + т2з"і4з - пг24)], (4.24) 
Д* = / 0 + /ik
2
 + / 2 q
2
 + / , (q-k) where 
/о = - т 4 ( 1 -T7ii2)(l + т 3 4 ) 
Λ = - ] ^ ( 1 + "*34)[(1 - "»і2)(пі23 - г( т 42 + гп 2 і т 4 і + 7П2 3т4з + т 2 4 ) ) 
—2т42 — 2 т 4 1 ] / М 2 
h = - § ( 1 + т34)[(1 - лг і 2 ) (^т 2 3 - | ( т 4 2 + т 2 4 + лг2злі43 + т 2 і т 4 1 ) ) 
+ т 4 2 - т 4 і ] / М 2 
/з = - 5 " Г Т - [ ( 1 - т і 2 ) ( ^ ( 7 п 2 4 - т 2 з ) + 4 ( 1 + п г 3 4 ) ( т 2 і т 4 і - т 4 2 
+ЯІ237Л43 — ГЬц)) + тп-п + »Пзі]- (4-25) 
Kî*. V.*.*. К**. a n d 2? c a n b e f o u n d by t h e substitutions 
К,? = - 2 ,**(тіз <-» - m 1 3 , m 2 3 <-+ - m 2 3 , m 3 4 «-» -7П34) 
K™ = -2ν,**(τ7ΐ13 <-» —m1 3 , m 2 3 «-» - m 2 3 , m 3 4 «-» - m « ) 
V.? = - 2 £*(тіз «-» -той , m 2 3 «-» - m 2 3 , m M «-• -UI34) 
V,«/ = -2V¿*(mi3 +-> -mu , m23 <-• - m 2 3 , m « «-» - r a M ) . (4.26) 
It should be noted that the transition potential must be multiplied by a factor y/2 to 
account for the mirror diagram of the transition process displayed in Fig. 4.3. 
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Ρ ι , £ ι , Μ ι , 5 Ί · •P2,E2,M2<S2 




Figure 4.4: Feynman diagram corresponding to the direct process NA —• NA. 
4.1.3 The NA -*· NA direct potential 
We now derive the momentum-space contribution from the direct diagram shown in 
Fig. 4.4 to the NA —* NA potential. The most general interaction Hamiltonian for the 












д ф + h.c. (4.27) 
The g-type coupling <7ΔΔ* that appears in the first term of the Hamiltonian is related 
to the f-type derivative coupling through 
2 Μ Δ 
3 Δ Δ ι = / Δ Δ τ , 






 can be obtained from the quark-model as is explained in Appendix A. The 
scattering amplitude corresponding to Η Δ Δ * is 
М/г = - № μ ( ρ 2 , 5 2 ) 7 5 
1 
f' 
η η _ι_ •'ΔΔΤΓ ¡. ¿, 
¿/ΔΔιτί/μι/ • 2 κμκ" u"(pi ,5i) (4.30) 
' Jfc2 + ml u(p4, ^-^ЪЪ^иІрз, σ3) т
Т 
With the fundamental properties [1.14], [1.15] and [1.16] the contribution from the Δ Δ π 
vertex can be written 
^ ( P 2 , 5 2 ) 7 s 
f 
¡/ΔΔΐΓί//ϋ/ ι ^ 2 ™μκν 
ТПІ 
u^puSi) 
Σ C%i, y?C%I, £u(p2,m2)75^(Pi, mi) 
7711,7712,111,712 
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Χ£*"(Ρ2,ίΐ2) 9ΑΔ*9μν + 
ml f"(Pi.ni) 
+ 
= [(£;, + м1)(£2 + м2)]2 
x*k { [SAA-S ((σ · p,)(Si + Ai,) - (о- ·
 Pl)(E2 + M2)) S* 
$ Δ Δ » _ _ _ Λ Δ Ι / Pi Ρ2 _ ff¡\ 
[ M I C ^ ' + M J ) 'ml \Ml(El + MO Mij 
χ [(S · ρ,) [(σ · ρ2)(£, + Μχ) - (σ • Ρι)(Ε2 + Μ2)] (S* · Ρ ι)] 
%"-(S · Pi) ί(σ • p,)(ßi + WO - (о· · Р 0 ( £ 2 + М2)] (Sf · р2) 
(S · р2) [(<г · p2)(£! + МО - (σ • P O ( S 2 + М2)] (St · P l)] 
ΡΔΔΙΓ 
Ρι Рг 
Μι(£ι + М0£2(£2 + М2) M, 
ΡΔΔπ / Δ Δ Τ f Pi · Рг 
•2 + М2) 
іт _ ддт l ' 
+ M2") "та» \М2(Е2 
L-\f*&<( P l p 2 _ М ' 




(^S · p2) [(σ · ра)(Яі + МО - (β- · Р 0 ( £ 2 + M,)] (Sf · р2)]} Ф^. 
The contribution of the ΝΝπ vertex is given in Eq. [4.15]. Making the substitutions to 
the CMS variables k, q, and n, and including only the leading order terms, one finds 
the potential V(k,q) 
v ( , ч ΪΝΝτ (m3 + m4) 1 
V(K,q) ~
 5 Δ Δ „ ^ (l6M1M27n3m4)k2 + m2 





 · q)SÎ(<Fa · k)V* + βχίσ, · q)SÎ(<73 · ς)Κ? ] 
_ ¡NN* (m3 + m4) 1 
Ρ Δ Δ
* mT (16M1M2m3m4)k2 + mJ 
χ [ (17, · k)(cr3 · k)V.? + (27, · k)( f f, · q)V# 
+ (27, · q)(ff, · k)V/,fc + (27, · q)(tr, • q)V«) ], (4.32) 
where 27 is the spin-transition operator between spin § states defined in Eq. [1.27]. Only 
the spin-operator terms up to second order in к and q are included in the potential. 
The energy-mass coefficients are given by 
V? = /o + /ik2 + /2q
2
 + /3(q-k) where 
/o = -m 4 M 2 ( l + m M )(l +mi 2 ) 
Л = - ^ ( l + m34) [m 4 i ( l+mi 2 ) + m 2 3 - | ( т о 4 і т а 2 і + m 4 2 + m 2 3 m 4 3 + г/і24)] 
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Pi, ei,mi,σι p 2 l E2, Мг, S2 
! ж 
Рз, E3,M3,S3 ' P4,«4, τη4,σ4 
Figure 4.5: Feynman diagram corresponding to the exchange process Ν Δ —» AN. 
h = 4Λ 
/з = - | { (1+ m 3 4 ) [ § ( m 4 i m 2 i - m 4 2 + m 2 3 m 4 3 - m 2 4 ) ( l + г д 1 2 ) - τ η 4 1 + m 4 2 J 
+(1 + mi 2 )(m 3 4 - l )m 2 3 } (4.33) 
K*' = -2Vak>kími3, m23, m34 <-+ - m « , - ^23, - rn3i) 
K' = 2K» (mi2, ™23, "I24 «-» -m 1 2 , - m23, - m24) 
V™ = -4V,**(mi2, m « , m34, m24 «-+ - m « , - mi3 , - m34, - m24). (4.34) 
4.1.4 The NA —• ΔΛΓ exchange potential 
The exchange diagram is given in Fig. 4.5, where we cross the 3-momenta so the Δ 
isobars still have 3-momenta ρ and p ' 
Рз = - P i = Ρ P2 = -P4 = p'· (4.35) 
The 4-momenta к and g are now defined by к = p 2 — p\ and q = \{j>\ + pi) with 
corresponding 3-momenta 
k = p ' + p q = | ( p ' - p ) . (4.36) 
The Hamiltonians for both ΝΔ vertices are given by 
ΗΝ&. = —*'Φ9δμφ + h.c. (4.37) 
m„ 
The scattering matrix is 
Mfi = / % й " ( р 2 , 5 2 ) ^ и ( р ь а 1 ) і : 2 - ^ - 2 й ( р 4 , а 4 ) ^ ' ' ( р з , 5 з ) . (4.38) 
The upper ΝΑπ vertex contributes 
1 
β"(Ρ2.52)Μ(Ρι.σι) = K«i + m 0 ( £ i + Mi)] ~2 
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x*US Pi + Pl P2 P2 M2{E2 + M2) M2) 
x [(«ι + τη2){Ε2 + M7) - px · p2 + ίσ • (ріХрг)]} χσι. 
The lower ΝΑπ vertex yields 
ι 
ω(ρ4, а^Ки"{р3, σ3) = \(E3 + M 3 ) ( Í 4 + m«)] 2 
*xl< {[(£> + M3)(et + 7Π4) - рз · Р4 + га • ( Ρ ι хр2)] 
so that the momentum-space potential V(k, q) reads 






 (16miM2M3m4) к 2 + m2 
χ [ (S, • k)(S2 · k)V.? + (S! · k)(S2 · q)V# 
+ (S, · q)(S2 · k)VJ* + (S, • q)(S2 · q)V.« ] , (4.41) 
where we only retained the terms up to second order in the spin operators. The expan­
sions in terms of the 3-momenta к and q are given by 
V.? = /o + /lk2 + /2q
2




4яііМ2А/зт4(1 + 7Пі2)(1 + т 4 Э ) 
\тп
л
М3(1 + т 4 3 )(1 + т і 2 ) ( т 1 2 + т 2 1 + 3) + \m1M2(l + mì2) 
х(1 + то43)(т43 + т 3 4 + 3) 
— \M3mi(\ + ші2)(1 + т 4 з ) ( т 2 і + гп\2 + ТПІ37П23 + тлі4т2 4) 
-2т 4 М э (1 + т 4 3 ) [т 2 1 - 1 - *(1 + т 1 2 ) ( т і 2 + т21 - 1)] 
-2тоіМ2(1 + т12) [т 4 3 - 1 - | (1 + т 4 3)(т,із -I- т 3 4 - 1)] 
— \М3т±(\ + ті 2 )(1 + т 4 3 ) [т2\ + mí2 + тпіэ^з + тцт24] 
-2тп4М3(1 + m«) [і + | (1 + 77ii2)(m2i - m12)] 
-2τ7ΐιΛ/2(1 + ты) [-1 + 2(1 + ті3)(тіз - тзіЦ 
+3Μ 3 77Ι 4 (1 + 7тг12)(1 + m«) [m2i - ти + тит23 - mi 4m 2 4], (4.42) 
£* = /о + Лк2 + М 2 + М-к where 
The potential 
/о = SmlM2M3mi(l + miì)(l - mi3) 
/ι = j m 4 M 3 ( l - m 4 3 ) ( l + mi2)(mi2 + m2\ + 3) + \mxM2{\ + mí2) 
x ( l - т 4 з ) ( т 4 з + m 3 4 + 1) - f M 3 m 4 ( l + mi 2 )( l - m 4 3 ) 
X(m21 + ТП\2 + ТП\3т23 + T7l147n24) 
f2 = _ 4 m 4 M 3 ( l - m 4 3 ) [ m 2 i - 1 - | ( l + m i 2 ) ( m 1 2 + m2i - l)j 
- 2 m i M 2 ( l + mi 2 )(m 4 3 - l ) (m 4 3 + m 3 4 - 1) 
—3M 3 m 4 (l + 77ii2)(7Ti43 — l)(m 2 i + m 1 2 + rn,i3m23 + mi 4 m 2 4 ) 
f3 = - 4 m 4 M 3 ( l - m « ) [ l + | ( 1 + m 1 2 )(m 2 i - m 1 2)] 
-2miM2{l + m 1 2 ) [(1 - mi3){m3i - m 4 3 ) + 2] 
+ 3 M 3 m 4 ( l + mu)(mA3 - 1) [m2\ - m 1 2 + T7ii3m23 - m i 4 m 2 4 ] , (4.43) 
K f = /o + /ik 2 + / 2 q
2
 + / 3 q - k where 
/o = -8m 1M 2M 377i 4(l - mi 2 )( l + m 4 3 ) 
Λ = - 2 m 4 M 3 ( l + m 4 3 ) [ | ( l - m 1 2 ) ( m 1 2 + m 2 1 + l ) - i ( l + mi 2)] 
- \тпіМ2(1 - m 1 2 ) ( l + m 4 3 ) ( m 4 3 + т и + 3) 
+ f M 3 m 4 ( l - 77ii2)(l + m 4 3 )(m 2 i + m i 2 + m i 3 m 2 3 + mi 4 m 2 4 ) 
f2 = 4 m i M 2 ( l - m X 2 ) [ m 4 3 - 1 - | ( 1 + m 4 3 ) ( m 4 3 + m 3 4 - 1 ) ] 
- 2 m 4 M 3 ( l + 77i43)(l - m 1 2 )(m 2 i + m 1 2 - 3) 
+ 3 M 3 m 4 ( l — тпі2)(1 + πι43)(πΐ2ΐ + тп\2 + тпі3т23 + mi 4 m 2 4 ) 
f3 = 4miM 2 ( l -mX2) [-1 + ¿(l + m«)(m 4 3 - m34)] 
- 2m 4 M 3 ( l + m43) [-(1 - roi2)(m2i - т
и
) + 2] 
- 3 M 3 m 4 ( l + m 4 3 ) ( l - mi 2 ) [m2i - m12 + m 1 3 m 2 3 - m i 4 m 2 4 ] , (4.44) 
VS = /o + /ik 2 + / 2 q
2
 + / 3 q - k where 
/o = - 1 6 m i M 2 M 3 m 4 ( l - mi 2 )( l - m 4 3 ) 
/i = - 4 m 4 M 3 ( l - m 4 3 ) [ 1 ( 1 - m 1 2 ) ( m i 2 + m 2 i + l ) - | ( m i 2 + l)] 
+ 4 m i M 2 ( l - ml2) [ | (m 4 3 + 1) - \(1 - m 4 3 ) (m 3 4 + m 4 3 + 1)] 
+ | M 3 m 4 ( l - mi 2 ) ( l - m 4 3 )(m 2 i + m12 + πΐι3τη23 + m i 4 m 2 4 ) 
f2 = 4 m i A f 2 ( l - m i 2 ) ( m 4 3 - l ) ( m 3 4 + m 4 3 - 3) 
- 4 m 4 M 3 ( l - m 4 3 ) ( l - ml2)(m21 + т і 2 - 3) 
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+6Мз77г4(1 — 77li2)(l — ГПІЗ)(ТП21 + ТПц + ТПізШгз + Я1і 4 т 2 4 ) 
/з = 4 т і Л / 2 ( 1 - m i 2 ) [ 2 + ( l - т 4 з ) ( т з 4 - т 4 з ) ] 
- 4 т 4 М 3 ( 1 - т 4 Э ) [2 - (1 - т і 2 ) ( т 2 1 - тп)\ 
- 6 М 3 т 4 ( 1 - т 4 3 ) ( 1 - тп12) [ т 2 і - т 1 2 + т13т2з - mum2i]. (4.45) 
4.1.5 Non-relativistic approximations 
In most of the coupled-channels calculations [Gre78, Lom82, Wir84, Lom86] the authors 
simplify the potentials by retaining only the terms up to first order in k 2 and omitting 
all dependence on q. In this way only spin-spin and tensor potentials remain. For the 
transition, direct, and exchange potentials one then obtains respectively 
] лг_лгд(к) = /ЛГІУІГ/ЛГДТГ (Si · к) (σ3 • к) 
ml к2 + ml 
W**(k) = W^Í^Í^JO,
 (4.46) 
V (к) - А л , ( S i - к ) ( S Î - к ) 
These are the non-relativistic expressions for the momentum-space potentials. 
4.1.6 Rho-meson exchange 
The relativistic NNp and NAp interaction Hamiltonians are given by [Сагбб, Car67] 
ΉΝΝρ = 9NNp i*y„9<P + ,Tf Φ*7""* № - W 4M, 
HNAp = ^-ΨΊ"Ί4{Ομφν-ονφμ). (4.47) 
In order to avoid the quite tedious calculations of the rho-meson-exchange transi­
tion potential we use the non-relativistic reductions for the spin parts of the inter­
actions [Haa74, Bro75a, Gre76a] 




 ~ ^ ( S x k ) ¿ , (4.49) 
mp 
where φ is the p-meson field. The coupling constants /NNP and /дгдР can be expressed 
in terms of the potential parameters g\NP and K, (which is the ratio ÍNNPI9NHP) as 
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The latter expression is the quark-model prediction for the ΝΔρ coupling constant (see 
Appendix A). The complete non-relativistic momentum space rho-exchange potential 
for the process NN —• ΛΓΔ will then be 
V, NAp 
_ fNNpfNAp{SiXk){a,xk) 
mi k2 + ml 
(4.52) 
4.1.7 The crossed-box diagram 
The NN potential in this work contains only one-boson-exchange (OBE) contributions. 
Coupling the NN channels to Λ:Δ channels has the effect of introducing two-pion-
exchange (TPE) contributions to the Л7 potentials. The Feynman diagram corre­
sponding to such a potential term is shown in Fig. 4.6. This contribution is in fact 
created by the Born iteration of the transition potential used to solve the Schrödinger 
equation. 
Figure 4.7: Two-pion-exchange planar- and crossed-box Feynman diagrams with intermediate 
Δ isobar state for AW scattering. 
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Figure 4.8: The 12 possible time-ordered potential graphs for two-pion-exchange NN scatter­
ing with one intermediate Δ isobar state, denoted by the thick lines. The 12 mirror diagrams 
are not shown. 
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To take TPE effects properly into account one should include both the planar-box 
and crossed-box Feynman diagram in the NN potential. Both diagrams are shown 
in Fig. 4.7. The planar- and crossed-box diagram can both be decomposed into 6 
different time-ordered diagrams. These are shown in Fig. 4.8. One can distinguish 
the Brueckner-Watson (BW) type of time-ordered diagrams [Bru53] and the Taketani-
Mashida-Ohnuma (TMO) [Tak52] diagrams. The problem arising is that only the TMO 
contributions to the planar box are included in the Born iteration while the crossed 
box, which is of equal importance as the box diagram, cannot be generated at all by 
a coupled channel model. One can include these contributions and then subtract the 
Born-iteration to avoid double counting. The details of the calculations of this sort of 
potential terms can be found in e.g. [Rij91, Rij92a, Rij92b]. 
4.2 The potential in coordinate space 
4.2.1 Basic potential functions 
To obtain the basic potential functions in coordinate space one must derive the Fourier 
transforms of the momentum-space potentials. If we restrict ourselves to local poten­
tials we shall need the multiple derivatives of the central-potential basis function with 
exponential form-factor [Nag78] 
m J (2тг)3 к2 + m2 
where Л is the ΝΔ form factor. One can solve the integral analytically 
* > - ^ [ · * «< -£ + ;> - * - , ( £ + Í ) ]¿ . <««> 
where χ = τητ and we introduced the complementary error function 
erfc(i) = 1 - erf(x) = %, Γ dt е~*\ (4.55) 
v^ ir ix 
We shall from here on use the notation 
à 1 d , Л .,
 wes 
— = -— λ = - . (4.56) 
aXi m ari m 
The derivatives of φ with respect to г can be calculated one by one. For convenience 
we define the following operators 
Sij = 3-zr- Sij = 3~-2J - Eij 
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so that 
AtJk = Хг^)к + Xj6,k + Хкбг] 
B%Jk = ^iSJk + x,Slk + XkSlJ 
C\]kl = StjSki + 6,kSji + 8¿6jk 
Dijki = SySki + StkSji + Sti S3 к 
Et]k\ = StJ6ki + StkS]i + S,i6jk + SjiSik + SkiSv + SjkS,! 
J O 9 
(4.57) 
3—A 3 ki = Cijfci ax, 
-j—Bjki = „Сум — ö^v*i _ n^vki + 3{SjkSii + SjiStk + SkiSij). dx, о о о 
Furthermore we need the functions 
/<->(x) Ξ e 1 ^ e-erk{-\\x + ±) - еГепсЦЬх + ±) 
/ ( + ) (x) Ξ e 1 A 2 [
e
- x





,- \ λ _ 1
 λ
3 2 
with the derivatives 
« Ç 1 = -ƒ<+> + 2 * - ^ 
ax x x 
^







So that φ = ƒ( ) and the derivatives up to sixth order are given by 
U = -f" + 29-f-
αχ χ χ 
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1 1 144П 
+12(2λ 4 + 2λ 2 + 1 ) ^ + 240(1 + λ 2 ) ^ + -^ (4.61) 
Now we can express the derivatives of φ with respect to r, in terms of these basic 
derivatives and the operators in Eq. [4.57] 
αχ, 
~Γ~Ί~Φ -







а з + В
' ^
3 
d d d d 
dx, dx, dik dx, 
Φ = С,]кіац + DVkißt + S,jfci74 
íxfxf S ^ + 4^ (4.62) 
dx, dij dx\ 
d d__d_d?_ 
dx, d i j d in dx¡ 
^ Г л Г 7 Л ^ = V 4 + S.A 
ç> = Л *і5 + Btjkh 
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where 
Qi = 
a 2 = 
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Figure 4.9: Time-ordered transition diagrams with intermediate NN- and ΝΔ- states. 
Coordinate-space potentials containing these functions appear in section 4.2.3. 
4.2.2 Treatment of the NA propagator 
In the previous section the assumption was made that the transition potential could 
be derived from the adiabatic diagram shown in Fig. 4.1 yielding contributions to the 
potential in configuration space of the type 
J (2тг)эе ω 2 ' ( ' 
where u>2(k) = A;2 + m 2 , neglecting the mass difference between nucleón and Δ isobar in 
the propagator. It is more realistic however to separato the two different time-ordered 
diagrams that contribute to the potential. These are shown in Fig. 4.9. In general the 
interaction kernel will then be proportional to [Smi76, Dur77, Rij91] 
1
 (4.65) 
2<j(k) [E(p) + £ ( p ' ) -W + (j(k)] ' 
where E(p) and E(p') denote the energies of the intermediate-state baryons, which are 




 TJX * a + Щ~й) Í466) 
ω{ω + α) Wo (λ2 + α2) (ω2 + λ2) ω2 - α2 - к [ ' ' 
One can distinguish different values of a, depending on the energy W. We shall first the 
discuss the low-energy approximation for the various diagrams, in which W » 2M\, and 
the second term on the right-hand-side of Eq. [4.66] vanishes. The transition diagram 
on the left in Fig. 4.9 will have E(p) = E(p') и Μχ and the energy denominator will 
be 
2ω{ω + MN + MN - 2MN) ~ 2ώ*' ^ ' ' 
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TV •Ν N •N 
Figure 4.10: Time-ordered direct diagrams with intermediate NN- and ΛΓΔ- states. 
while the diagram on the right has E(p') « Мд yielding 
1 1 
2ω(ω + MN + Мд - 2MN) 2ω(ω + a) ' 
(4.68) 




which can be evaluated as follows 
,_m f J î fc ¿кг -к л21 
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TT Jo У' ' 1 + 
ï^(r»i·) 
(4.70) 
The integration over j / can be performed numerically. The other two diagrams of interest 
are the direct and exchange diagram. The direct diagram contributes to the potential 





 MN + М& + Ш-2MN) ~ 2ω \ш + α ω)' 
The exchange diagram will contribute through the two diagrams shown in Fig. 4.11 as 
2ω \MN + MN + ω - 2MN Мд~+~Мд"+ ω - 2MS) ~ 2ω\ω ω + 2α/ ' ^ 




Figure 4.11: Time-ordered exchange diagrams with intermediate NN- and ΝΔ- states. 
In the intermediate-energy region the situation is different. In the neighborhood of 
the Λ/Δ threshold for example, W « MN + Μ Δ , and the 0-term on the right-hand-
side of Eq. [4.66] is present for some of the diagrams. The transition diagram yields a 
contribution of the type 
J _ / 1 1 N 
2ω \ Μ Δ + Мц +ω- MN - Μ Δ MN + ΜΛ+ω - MN - ΛίΔ / 
2ω \ω — α ω J 
In the intermediate-energy approximation the direct diagram simply gives a u>~2 contri­
bution, while the exchange diagram yields 
2ω 
1 / I _ 1 \ 
\MN + MN +ω- MN - Μ Δ ΜΔ + Μ Δ + ω - MΝ - ΜΔ/ 
— ( 1 1 1 
Ίω \ω — α ω + α) ' 
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. . Л Г τη. , .ЛГ m (4.77) 
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where w(z) = e~' erfc(—12) and erfc(z) is the generalized complementary error func-
tion with complex argument [Abr70]. This potential is both complex and oscillatory 
and of infinite range. The imaginary part of the potentials reflects the possibility of 
freely traveling pions in the exchange process. Although some effort was devoted in the 
past to infinite-range oscillatory potentials [Kar70, Are74, Gre78], the solutions of the 
Schrödinger equation for these type of potentials are not known exactly. Therefore this 
possibility is neglected in this work and the low-energy approximation W = 2Мц is 
used. Furthermore, the distinction between the different time-ordered diagrams is only 
accounted for in the calculation of the π-exchange transition potential. 
4.2.3 Transformation to configuration space 
In momentum space the potential derived from the Feynman diagram shown in Fig. 3.1 
yields a potential n(k, q). In coordinate space we need to know the potential г>(г, г') 
operating on the wave function Ф(г) through 
J а3т' (т,т')Щт'), (4.7 ) 
where 
ü(r,r') = {rHr') 
- J fá^WVmW 
- /(^lKXe^ (k'q)· ( 4 ·79) 
with χ = ¿(г + г/) and у = г' — г. The presence of q in г/(к, q) yields non-local (or 
velocity-dependent) contributions to the potential in coordinate space as we shall now 
see. Identifying q with ¿V, one gets 
s ( ^ , г
 г
)5 3 (г ' -г) . (4.80) 
For the exchange potentials the different definitions of к and q yield 
{т,і>) = {^-Т;і
 г
)б3{т + т>). (4.81) 
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The action of the potential on the wave function will then be 
(r'| Ф) = J d3r(r'\V\r) = £г(г')Ф(-г') = ü(r')P*(r'), (4.82) 
where Ρ is the space-exchange operator. Let us suppose that ν looks like 
Ъ(Г-^,і г) = (Т-^')(і
 т
.Г. (4.83) 
In that case one obtains 
(і-И) = У>г'г;(г,г')Ф(г') 
= fd3T'v(T-±T') [(¿Vr0n53(r' - г)] Ф(г'), (4.84) 
which after π times partial integration yields 
(-¿r(?r/dVi3(r-r')(vr .)n v( (r + r') Ф(г') + non-local terms. (4.85) 
The only non-local terms in the potential we retain are of the angular-momentum type 
г χ Ф = ІЬФ. (4.86) 
It is now clear how each k¡ and q3 in v(k, q) will affect the potential in configuration 
space 
ƒ
 ff>-k""Vk'#Ä*<'> - [(-<£)" Ц ад • -**• 
J&^+'jig*™- [(-ІД)"Н* ( Г ) + , , О П- , О С · <4β7) 
In general the potential г»(к, q) in momentum space can be written (up to second order 
in к and q ) as 
u(k,q) = 0 1 2 F(k,q), (4.88) 
where 
FÇk, q) = ƒ„ + Лк 2 + /2q2 + / 3q · k, (4.89) 
and Οχι is one of the expressions (A· k)(Bk), (Ак)г(В-п)(В-к), and (A-k) 
(B · k)(C · k)(D · k) in terms of the spin operators A, B, C, and D. We shall now 
evaluate the Fourier transforms for each of these types of potentials 




-«,.у(А-к)(В · k)F(k,q) 
У У (2тг)э (2π)3 k? + w? K ) 
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2
0] Ф(г), (4.91) 
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х / 7 ? 4 з 7 Й 5 е " к 2 / Л 2 е 1 к Х е " , Ч У ф ( г ' ) 
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= АгВ CkD¡m í dVí3(r - г') — — — d 1 3
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4.2.4 Rho-meson exchange 
(4.92) 
In momentum space the non-relativistic expression for the ¿»-exchange transition poten-
tial is of the type 
(Si χ k) · (<r2 x k) V W k ) • 
tf + m* (4.93) 
In coordinate space the Fourier-transformed potential will read 
V W r ) ~ -¿ {(Si x V) · (<r2 χ V)} ф(тп
р
г). (4.94) 
The expression between the curly brackets operating on φ can be rewritten as 
{(81·σ2)Δ-(3ι-ν)(σ1·ν)}φ. (4.95) 
From [4.62] it follows that the spin part of the potential has a form proportional to 
[2(S,-a2)a2(x)-S1s2lr02(x)\, (4.96) 
where χ = т
р
т. We note that with respect to the pion-exchange potential the tensor 
part has changed sign and the spin part has doubled. The more important transition 
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potentials are shown in Fig. 4.14. Both in the partial-wave analyses and potential-model 
calculations the transition potentials are considered to be of short range [Lom82, Lom86] 
and are given a range of 7.5 fm. 
4.2.5 The reaction NN -> πά 
At intermediate energies the most important source of inelasticity is the Trd channel. 
The πά production cross section shows a peak around 585 MeV [Bys87b]. At T¡ab = 400 
MeV it contributes about 70 % to the total inelastic cross section and at Т|
а
ь = 500 
MeV it still contributes 40 %. The simplest model for the transition NN —» πά is 
N -- — | d 
N 
N !.. . . . . -я-
Figure 4.12: The NN -* πά transition. 
given by the nucleon-exchange diagram shown in Fig. 4.12, where the nucléons interact 
and a deuteron and a free pion are formed. An alternative process, which takes place 
via an intermediate NA state, is shown in Fig. 4.13. The Δ isobar decays to form a 
pion and a nucleón. The wd cross section has a peak in the neighborhood of the NA 
production threshold [Gre76b, Gre76c, Gre82]. Therefore, the second diagram appears 
to dominate. So part of the coupling to the ltd channel is included through the coupling 
to the NA channel. In most recent publications on the subject of pp —<· nd observables 
the coupling to the NA channel is considered to be essential [Pop87, Ale90, Gar90]. 
The 2-particle propagator associated with Figs. 4.12 and 4.13 will contain terms of the 
order of the nucleón mass, and the coordinate-space potentials are of Yukawa type and 
Δ 
N г τ 
π 'Ν 
Ν ' d 
Figure 4.13: The NN —• πά transition via intermediate NA state. 
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In comparison with the pion-range ΝΔ transition potentials these potentials are of much 
shorter range. Therefore, one can treat the coupling to τά channels completely through 
the boundary condition, thereby neglecting the tail of the transition potential. 
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Figure 4.14: Transition potentials NN —> NA in MeV for some of the NN partial waves. 
The ΛΆ form factor Ллгд is set at 500 MeV while ¡%
Ατ
 = 0.35 and f%¿p = 10.33. The 
solid curve consists of π exchange only, the dashed curve includes both π and ρ exchange. 
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Chapter 5 
The database 
The data set that serves for the partial-wave analyses will be discussed in this chapter. It 
consists of all available elastic proton-proton scattering data published in regular physics 
journals starting from 1955. The main reason for not including inelastic scattering data 
(such as πά production cross sections) is that the existing models, available to calculate 
these type of observables, are not all in agreement. Moreover, the results obtained are 
very sensitive to the model parameters used [Gar90]. This makes a comparison with the 
existing data less meaningful in a partial-wave analysis, which should provide a model 
independent representation of the scattering data. Total elastic cross sections and quasi-
elastic (deuteron target) scattering data are also omitted because of the difficulty of their 
definition and the treatment of the Coulomb-nuclear interference. In a pp partial-wave 
analysis (PWA) only total inelastic cross sections can be obtained from the inelasticities. 
These can then be compared with the experimental values to check the quality of the 
inelastic phase parameters obtained in the PWA. One cannot distinguish between the 
different particle channels, however. The procedure is discussed in section 7.3.2. 
The scattering data below 2]
а
ь = 350 MeV are basically identical to the observables 
given in [Ber90]. Three differential cross section data at 137 MeV [Pal58] have been 
rejected in the 0-500 MeV PWA, on the basis of statistical criteria, while new data 
published after 1989 are added. All modifications below 350 MeV are given in Table 5.1. 
Individual data points with χ^
π
 larger than 9 are rejected just as well as groups with 
an improbably low or improbably high χ^
ι η
 value. The groups with a normalization 
that contributes more than 9 to χ^
ιη
 are given a floated normalization. Details of the 
statistical criteria for rejecting individual data points or groups of data can be found 
in [Ber88, Ber90]. 
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Table 5.2 contains all the pp scattering data between 350 MeV and 500 MeV used in 
the partial-wave analyses together with the χ£,
ίη
 values obtained in the final multienergy 
analysis. Most of these data are listed in detail in the Nucleon-Nucleon Scattering Data 
Tables by Bystricky and Lehar [Bys78a, Bys78b, Bys81]. The original data set contains 
3475 scattering data from 0 to 500 MeV of which 840 are differential cross sections and 
876 are polarization data. In the screening process one group below 350 MeV had to be 
rejected because its χ^
ί η
 was too low. Above 350 MeV 23 individual data points and 5 
groups of data had to be rejected because their χ£,
ίη





















































Table 5.1: Modifications in the data set below Т\
л
ъ = 350 MeV with respect to the 
Nijmegen 0-350 MeV PWA [Ber90]. 
a The number includes all published data. 
b Predicted norm with which the experimental values should be multiplied before 
comparison with the theoretical values. 
с Group rejected due to improbably high χ^
ίτι
 (rejection criteria). 
d Group rejected due to improbably low x^
m
 (rejection criteria). 
two groups had to be rejected on account of too low a x^ in value and three groups had to 
be given a floated normalization. In total 136 data points above 350 MeV were rejected. 
The final data set consists of 1784 scattering data below 350 MeV and 1544 scattering 
data above 350 MeV. The total number of scattering data is 3328, which includes 226 
normalizations with errors. 
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Table 5.2: The dataset between T,
ab = 350 and 500 MeV. 






























































































































































































Table 5.2: (continued). 
The database 
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Table 5.2: (continued). 
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Table 5.2: (continued). 
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a The number includes all published data. 
b Predicted norm with which the experimental values should be multiplied before 
comparison with the theoretical values. 
с Floated normalization because these data are relative only. 
d Group rejected due to improbably low χ^
ίη
 (rejection criteria). 
e Floated normalization because norm contributes more than 9 to xj|,¡n. 
f Group rejected due to improbably high \ ^ m (rejection criteria). 
g Measured was Rcos(9) + R's\n(9). 
h Measured was Acos($) + A'sin(9). 
i Measured was соа(ш)М,<о
зп
 — sin(w)Mkio,n in the four-index notation as used in 
Rc-f. [Bys78a]. 
j Measured was cos(w)MtOitn — sin(w)Mfc<0A:n in the four-index notation as used in 
Ref. [Bys78a]. 
к These data are not included in the 0-500 MeV PWA discussed in this work, and 
escaped attention or were published after completion of this analysis. The χ2 
results are obtained from a recent PWA using the updated data base. 
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Chapter 6 
The parametrization of the 
P-matrix 
6.1 Introduction 
The interactions between nucléons and Δ isobars can be divided in a long-range, an 
intermediate-range, and a short-range part [Tak52]. In the long-range part (r > 25 fm) 
only the well-known electromagnetic (Coulomb and vacuum polarization) contributions 
are present. In the intermediate-range part (r < 25 fm) also the one-pion-exchange 
(OPE) and heavy-boson-exchange contributions from the Nijmegen potential [Nag78, 
Ber90] are included. At distances shorter than 6 = 1.4 fm the interaction is largely 
unknown and therefore this part of the interaction is parametrized phenomenologically 
as a function of energy. The higher partial-wave (J > 5) phase shifts are calculated from 
one-pion exchange. To obtain the lower partial-wave phase shifts (J < 5 below Т\
л
ъ = 
500 MeV) we specify the logarithmic derivative of the wave function at the boundary b. 
This logarithmic derivative is also called the P-matrix and is given by [Jaf79] 
р(М2) = г>(^) хгЧь). (6·ΐ) 
χι being the solution of the radial Schrödinger equation. For τ > b the Schrödinger 
equation is solved and the phase shifts are obtained by matching the P-matrix to the 
numerical solution at the boundary for each partial wave. The matching procedure has 
already been discussed in section 2.3. In this chapter we discuss the parametrization of 
the P-matrix as a function of energy for the different partial waves. In the final section 
we briefly discuss the effective P-matrix method mentioned in chapter 3. 
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6.2 The nucleon-nucleon sector of the P-matrix 
The AW sector of the P-matrix is parametrized in a way identical to the parametrization 
presented in the Nijmegen analysis [Ber90] of pp scattering data below 350 MeV. For 
completeness we shall now briefly review this parametrization. The most trivial situation 
is that that short-range potential be zero: V(r) = 0 for г < b. In this case the solution 
χι for r < b is given by the /th Bessel function (χι(τ-) = Ji(kr)) and the P-matrix is the 
free P-matrix 
P(l)(b,k>) = Ft(6, *) = b (**№)^\Щ. (6.2) 
For a constant potential V(r) = V in the inner region Eq. [6.2] will be replaced by 
pU(b,k2) = P«l(b,k2-2ßV), (6.3) 
where μ denotes the reduced mass. In this work the short-range potential V in Eq. [6.3] 
is parametrized as an r-independent function of energy 
v(*2) = ¿ - E « i 0 ( * T · (6-4) 
For tensor-force coupled NN channels (I = J ± 1) the P-matrix is written as a rotation 
of a diagonal P-matrix for two uncoupled channels 
( coso s i n 0 \ / P _ 0 WcosfS» - s i n 0 \ 
1
 ~ ^ -sino coso ) V 0 P+ ) \ sino coso J ' ( ' ' 
where the diagonal elements P_ and P+ are constructed in the same way as the single-
channel P-matrix. The rotation angle θ is also expanded in a series 
0(*2) = Σ Μ * 2 Γ · (e-e) 
n=0 
6.3 The P-matrix in the NN-NA system 
In the coupled-channels model the P-matrix can be decomposed in an AW sector and 
an Α/Δ sector and is written 
where P
x
 is the AW P-matrix. The off-diagonal block part Pi of the P-matrix is an 
А/д-dimensional row, ЛГд being the number of Α/Δ channels the AW system is coupled 
to. The ΝΔ channels are assumed not to be mutually coupled so that P3 is diagonal. 
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All the inelasticity not due to the coupling to NA channels (mainly the scattering to πά 
channels) can be treated phenomenologically by giving the NN sector of the P-matrix an 
imaginary contribution so that one obtains in an artificial manner a complex /("-matrix. 
When necessary and possible the imaginary part of Pi is parametrized as 
ΙιηΛ-ΣΜ*
2 )" · (6.8) 
n=0 
The diagonal NA sector P3 is parametrized in the same fashion as Pi so that for the 
¿th mass component 
^з = ^ г е е ( Ь - ( ^ д ) 2 ) · (6.9) 
In the partial-wave analyses that will be discussed in the next chapter it turned out 
that this part of the P-matrix plays an insignificant role and P3 and was taken as the 
free P-matrix. The off-diagonal entries PJ on the contrary appear to be of much more 
importance and are parametrized as a weighted series in k2 
p^v^E'W· (6· 1 0) 
n=0 
The ШІ are the Breit-Wigner weights, which were discussed in section 3.4. As an alter­
native one can also parametrize the NN-NA P-matrix by generalizing the rotation used 
in Eq. [6.5]. This method might be even more suitable at energies above 500 MeV, when 
poles do show up. The rotation angle θ can still be parametrized as a power series in к2. 
In Table 6.3 all the non-zero parameters are given for the final parametrization. In the 
simplified model, used in the final partial-wave analysis, each NN channel is coupled 
to one NA angular momentum state of lowest orbital angular momentum. The total 
number of mass channels depends on the partial wave. The 3Pj, ^ г . and 3 P 3 partial 
waves are coupled to 20 mass channels while all other partial waves up to J — 5 are 
coupled to 10 contributing mass channels. The total number of free fitted parameters 
is 37. 
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Re/5! 
a 0 = -0.55017(10) 
oi = -0.15672(75) 
o 2 = 0.1843(51) 
a 3 = -0.01065(77) 
a 0 = 7.5(24) 
aj = -0.67(20) 
a2 = 0.110(27) 
o 0 = 7.8(16) 
oi = 0.46(17) 
o 2 = -0.168(64) 
a 3 = 0.0223(76) 
αο = 7.92(83) 
aj = -1.70(10) 
a2 = 0.132(18) 
a0 = 8.2(11) 
oi = 1.49(46) 
a0 = 33.3(53) 
oi = -4.12(93) 
a 0 = -4.3(40) 
ao = 5.1(13) 
ai = -0.604(79) 
a 2 = -0.036(12) 
ao = 0.240(57) 
ai = 0.0251(74) 
a2 = -0.00387(91) 
o 0 = 6.5(18) 
a0 = -5.8(11) 
Oi = 2.43(46) 
o2 = -0.247(47) 
ao = 0.073(17) 
І т Л 
hi = -0.0114(44) 
Pi 
do = -2.45(72) 
do = -2.84(48) 
do = -1.79(24) 
d0 = 4.23(29) 
do = -3.62(35) 
do = -1.60(35) 
Table 6.1: P-matrix parameters in the 0-500 MeV partial-wave analysis. The numbers 
between the brackets are the numbers of parameters used in the 0-350 MeV analysis 
[ВегЭО]. The numbers between the brackets denote the errors in two significant digits. 
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6.4 Short-range NA coupling through an effective 
P-matrix 
In the effective P-matrix method the transition potential is assumed to be of short 
range and the summation over the Δ mass channels is replaced by an effective P-
matrix for the AW sector. The integral over the Breit-Wigner distribution can then be 
performed numerically and the resulting AW P-matrix is complex so that inelasticity is 
still built in. In this case the channel coupling is included through the P-matrix only. 
From Eq. [2.43] we know that in general the ΝΝ-ΝΔ P-matrix can be written as the 
logarithmic derivative of the coupled-channels solution \(b) at г = b 
P = &B ®.***· (6.11) 
where В is the diagonal Breit-Wigner transformation with entries І/у/йГ,. In fact this 
represents the following set of N
c
 coupled 2nd order differential equations 
N 
(6.12) 
Α.χ. + Σ ^ . = ^ dr 
1 dXl i = 2,..., JV
ei (6.13) 
where χι is the solution in the NN channel and χ, are the solutions in the N
e
 — i ΛΆ 
channels at г = b. P
u
 refers to the AW P-matrix. In our parametrization P
u
 = P t l = 
P\iy/Wi and P„ = P22, where i runs from 2 to N
c
. Substitution of Eq. [6.13] in Eq. [6.12] 
yields 
V^*'** P„ Ö*· dr' 




Ρη + Σ^^χΛϊ' 
w, 
,άχι 
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Replacing the sum over the coupled channels by the original integration over the Breit-
Wigner distribution one finds for the effective P-matrix 
P
eff=^n-^r ШЫМІ) P22 - bX'N\(MA) ¿ΧΝΔ(ΜΛ) dr (6.18) 
Г=Ь 
The coupling strength to the Λ/Δ channel is now determined by the parameter Рц. 
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Figure 6.1: lDì phase shift and inelasticity in degrees vs. Ты, in MeV as fitted 
to the Arndt single-energy values obtained from the SAID program [Arn92a]. Solid 
curve: coupled-channels model (χ 2 = 83.9); dashed curve: effective P-matrix model 
(χ2 = 123.9). In both fits the off-diagonal P-matrix element P12 is parametrized as a 
linear function of Зы, while the NN sector of the P-matrix is parametrized with five 
parameters. 
For P22 one can for instance use the free P-matrix. The integral can be performed 
numerically for each value of Т\
л
ъ provided that the solution ΧΝΛ is known at г = b. 
Therefore the tail of the transition potential V
u
 and the final-state interaction V22 are 
to be neglected [Lom82, Lom86] so that the solutions at infinity are given by 
XNA ~ JiikNAr) + iNi(kN¿r) 
ΧΝΔ. ~ H¡l)(ikN&r) 
k%A>0 
(6.19) 
where k%A is given by expression [3.63] as a function of Т\
л
ъ in the incoming NN channel. 
The section of the distribution that is open at Т\
л
ъ gives an imaginary part to the integral 
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and the effective P-matrix is complex. This in turn makes the nucleon-nucleon K-
matrix KNN complex and the inelasticity can be obtained. In both fits the off-diagonal 
P-matrix element P12 is parametrized as a linear function of Т1
а
ь while the AW sector 
of the P-matrix is parametrized with In Fig. 6.1 the result is shown for the lDz phase 
shift and inelasticity in the 0-1 GeV energy region using a Romberg integration in the 
effective P-matrix. Although the description of the single-energy phase shifts is better 
in the coupled-channels model the picture shows that the effective P-matrix is quite 
powerful to obtain quantitatively correct results in 0-1 GeV energy region. The precise 
effect of the transition potential tail for the description of the scattering data can only 






In this chapter we discuss the results obtained in the partial-wave analyses in the 
coupled-channels model. The potential model predictions for the lower partial-wave 
phase parameters are given in the next section. Special attention is paid to the xD-¡ 
partial wave and the influence of the Δ width. It is shown how the absence of the width 
produces a cusp in the phase shift at the Δ production threshold. 
For comparison we briefly present the results obtained in the 0-350 MeV partial-wave 
analysis, which does not incorporate inelasticities or ΝΔ-channel coupling. The details 
of this analysis have been extensively discussed in the past [Ber90]. Here we only point 
out the few modifications that have occurred since this paper was published. 
The last section is devoted to the multienergy (ME) and single-energy (SE) partial-
wave analyses of the pp scattering data up to 500 MeV using the coupled ΝΝ-ΝΔ 
channels potential model. A detailed discussion is given of the phase shift analysis using 
the "full" ΛΓΔ-potential tail which includes pion-exchange, rho-exchange and crossed-
box contributions to the NN sector of the potential. A comparison is made with other 
analyses in this energy region [Dub82, Arn83, Arn87, Ber90, Bug90, Arn92b]. 
7.2 Potential model results 
7.2.1 Behavior of phase shifts near threshold 
Let us consider the coupling of an NN channel to a closed Λ/Δ channel in an 5-wave. 
Furthermore we assume the Δ isobar to be a stable particle with mass 1232 MeV so 
that the ΝΔ channel has a fixed threshold at 7ы> = 633 MeV. The CMS momenta in 
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the NN and the NA channel we call k\ and k\ respectively. Let the CMS momentum 
in the NN channel at the NA threshold be k*. Recalling Eq. [1.4], k2 can be written as 
2 _ [4(A? + Щ) - (MN + Мд)2] [4(А? + Ml) - (MN - ΜΔ)21 
2
 ~ Щк\ + Mj,) .2 _ ^ " Ί τ J " , v ; - ^ " w τ "'&) j pv"-i τ і ^дг; умы ' " a j J / 7 . ·, Κϊ - ТІП.2 , J.f24 · 1 ' Л І 
Below the threshold of the NA channel k2 = in and pure imaginary while above the 
threshold k2 = q and real. It is easy to show that the derivative of « and therefore 
that of k2 with repect to λ
2
 is infinite just below the threshold. The same holds for 
the derivative of q just above the threshold when kf approaches k%. Now we make an 
effective-range expansion of the total /f-matrix in the coupled-channels system 
* - ( ί " Í " ) - Í J °·-){ΑΛ" л")і4 °ì- '"» 
V « и Λ22 y ^ 0 fc2 y V Ли Ля y ^ 0 jfeî ) 
where the matrix A is the 2-channel effective-range function which we assume to be 
constant as a function of energy. To obtain the energy behavior of the phase shift in 
the NN channel we calculate the effective ^-matrix KNN in the JV3V channel [Arn82] 
KSN = Kn + iKu (1 - iKi2yl Kn « -k\ L - j ^ ' M · (7-3) 
If k\ approaches the threshold value (k\ —> k%) KNN will become 
KNN « -k¡ (Au - ik2A12A21(l - ik2A22)). (7.4) 
The К-тпаХпх is parametrized in terms of the phase parameters by 
KNN = tan <5(/s2) + ¿tan2 p{kj). (7.5) 
Therefore 
tan 5(/c2) « -k¡ [Au + кА12А21 + κ2Αι2Α2ιΑ22) . (7.6) 
The derivative of the term linear in к with respect to k\ is infinite just below the 
threshold so that in the vicinity of the threshold the derivative of the NN elastic phase 
parameter 8 with respect to Ті
а
ь will also be infinite. This results in a cusp in the NN 
phase shift, in case that the AW channel is coupled to a closed NA channel in an S-wave. 
In the same way one can show that the derivative of the inelasticity parameter ρ with 
respect to Г]
а
ь is also infinite just above the threshold. This effect is shown in Fig. 7.1 
together with the phase shift obtained including the Δ width. It is clear how this makes 
the cusp become "woolly" and more in qualitative agreement with the physical reality 
as reflected by the single-energy analyses presented by the VPI&SU group [Arn92a]. 
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Figure 7.1: Solid lines: model phase shift and inelasticity in degrees in the '£>2 partial 
wave vs. energy for the zero-width case. Dashed lines: non-zero width case. The po-
tential model parameters are: /лгдт/^т = 0.35, Ллгд = 650 MeV, and д%^іІ^ж = 4.78. 
· : VPI&SU single-energy phase shifts [Arn92a]; o: VPI&SU single-energy inelasticities 
Arndt [Arn92a]. 
7.2.2 The model phase shifts 
The phase shifts and inelasticities predicted by the coupled-channels potential model 
can be calculated using the soft-core potentials given in chapter 4. To form some idea 
of the quality of the potential the phase parameters were calculated for various model 
parameters and are shown in Fig. 7.2. For comparison the NN potential predictions for 
the elastic phase parameters are also given. The choices of the NA coupling constants 
and other parameters depend on the partial waves. The e scalar-meson coupling constant 
g^Ne is sometimes lowered to compensate the stronger attraction in the intermediate-
energy range caused by the channel coupling. It is clear that the model phase parameters 
are much less in accordance with the SE values quoted by other groups [Dub82, Arn87, 
Bug90, Arn92b] than the values obtained from the partial-wave analysis (discussed in 
section 7.3). 
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This holds especially for the inelasticities, which are too low. Furthermore the 3F2 and 
3
^з elastic phase parameters show too much attraction above 300 MeV. 






' G , 
З
я 5 
3 P 2 - «2 -
 3F2 





















































































































Table 7.1: Potential model parameters used in Fig.7.2. For all partial waves /дгд„/4тг = 
0.35; Лт д is the Λ/Δ cut-off in MeV; N\ is the number of coupled Λ'Δ angular momentum 
states and Т д is the number of coupled Λ'Δ mass channels. No crossed-box corrections 
are included except for model С in the lD2 partial wave. The models are restricted to 
one partial wave at a time. 
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Figure 7.2: Potential-model predictions for phase shifts, inelasticities p, and mixing 
parameters in degrees vs. Т\
л
ь in MeV. Solid : NN potential model prediction (no 
channel coupling). The meaning of the other curves is given in Table 7.1. Dotted: model 
A; short dash: model B; long dash: model C; dash-dotted: model D. The symbols used 
are identical to those in Fig.7.3. 
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Figure 7.2: (continued.) 
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Figure 7.2: (continued.) 
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7.3 Results of the partial-wave analyses 
7.3.1 The 0-350 MeV multienergy analysis 
Since the appearance of the previous analysis of all pp scattering data below 350 MeV 
[Ber90] there have been some changes in the set of data. New scattering data published 
since are added while other data have been rejected. The details were given in Table 5.1. 
The P-matrix in the 'So-, эРо-, 3Λ-, and lD2 partial waves is now parametrized with 
21 parameters instead of 28. The x2-value obtained in this analysis is 1786.5 for a 
total number of 1784 scattering data, as 3 data below 350 MeV have been rejected, 
and the χ2 value per degree of freedom is χ2/Ν#= 1.11. The ^-contribution of the 
data below 280 MeV in this analysis is 1409.3 while the remaining data contribute 377.2 
to the total x2-value. The neutral πΝΝ coupling constant is now determined to be 
fNNjr = 0.0750(7) [Klo91]. Now one might expect a drop in χ2 as inelasticities or NA 
channel coupling are included in the analysis. The prime candidate is the 'Ζ?2 partial 
wave, due to the absence of the centrifugal barrier in the coupled 55г NA state. This 
was tested both by fitting a complex NN P-matrix parameter in the XDÌ and an off-
diagonal NA P-matrix parameter. In both cases no substantial drop in χ2 could be 
noted, that is χ2 changed less than 1.0. So the inelasticities at energies below 350 MeV 
are neglectable and the NA channel coupling is of no importance. It is interesting to 
find out whether this still remains the case when a 0-500 MeV partial-wave analysis is 
performed. One can expect the data just below 350 MeV to experience a larger change 
in χ 2 than the data at lower energies as a consequence of the constraints imposed by the 
data above 350 MeV. Possibly a drop in χ2 below 350 MeV could be almost cancelled 
by a raise at the upper edge of the 0-350 MeV interval. As we shall see in the next 
section inelasticities are of much more importance at energies above 350 MeV. 
7.3.2 The 0-500 MeV multienergy analysis 
In the final 0-500 MeV multienergy PWA the pp partial waves up to angular momentum 
J = 5 (i.e. the 3H$ partial wave) are parametrized with a total of 37 free P-matrix 
parameters. The higher partial-wave phase shifts are calculated from one-pion exchange. 
In this analysis the neutral-pion coupling is fixed at f^o = 0.075 [Sto93]. The ΝΑπ 
coupling is fixed at fJiA-r = 0.35; the NAp coupling at fN£ip = 10.33. Also included are 
the crossed-box corrections to the AW potential that were discussed in section 4.1.7. 
The exponential NA form factor is ANA = 900 MeV. A x2-value of 3421.6 is obtained 
for 3328 scattering data and 3025 degrees of freedom (i.e. χ2/Ν#= 1.13). The χ2-
contribution of the data below 280 MeV shows a drop of 8.0 in this analysis which is 
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partially cancelled by a raise of 16.2 in the χ2 on the rest of the data below 350 MeV 
so that the total χ2 below 350 MeV becomes 1794.7. Therefore, no improvement is 
reached in the description of the data below 350 MeV. For comparison a partial-wave 
analysis is performed without inelasticity and ΝΔ channel coupling. The resulting χ2-
value is 4189.9 for the data below 500 MeV (i.e. χ2/Ν
άΙ
= 1.37). This strong raise in χ 2 
with respect to the value obtained with the full model demonstrates the importance of 
inelasticities in the 0-500 MeV energy region. 
The multienergy phase parameters are given as a function of 7]
а
ь in Figs. 7.3 ff. 
together with the single-energy results obtained by various other groups in this energy 
region [Dub82, Arn87, Bug90, Arn92b]. When necessary the curves have been smoothed 
to get rid of the cusps caused by the finite number of mass channels. The influence 
of the number of mass channels will be discussed in section 7.4. Most elastic phase 
parameters compare well with the other analyses up to 500 MeV except for the 3F2 and 
3 # 4 parameter above 300 MeV and the ε2 mixing parameter above 400 MeV. Comparing 
the 0-500 MeV results with the previous Nijmegen results below 350 MeV [Ber90] an 
improvement in the extrapolation of the lGi above 300 MeV can be seen. 
The inelasticities up to 500 MeV obtained in the present analysis can be classified 
as follows. In the 1D2-,
 3Po-, 3Л-> 3Рг~, and 3 ^ з partial waves there is a significant 
inelasticity (dominant in the lD2 as one expects in view of the coupling to the ΝΔ 
S-wave). In the ^ о - , 3F2-, 3^4-ι 3Н*-, 'СЧ-, and 3 Я 5 partial waves the inelasticity is 
minimal below 500 MeV. In comparison with the other analyses (especially those of 
the VPI&SU group and Bugg [Bug90, Arn92b]) there seems to be a lack of inelasticity 
in the lGi and 3Hb partial waves. It should be noted, however, that no off-diagonal 
P-matrix parameter could be fitted below 500 MeV for these two partial waves. A PWA 
including scattering data above 500 MeV can therefore show more inelasticity in these 
partial waves, even below 500 MeV. On the other hand the 3 Pj inelasticity seems to be 
somewhat too high. 
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Figure 7.3: Multienergy phase shifts δ, inelasticities ρ, and mixing parameters in degrees 
vs. Τω in MeV. Solid line: new 0-500 MeV partial-wave analysis; dashed line: previous 
0-350 MeV partial-wave analysis [Ber90]. · : single-energy analyses (this work); o: Arndt 
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Figure 7.3: (continued.) 
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Figure 7.3: (continued.) 
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In Fig. 7.4 the inelastic cross sections are shown for the reactions pp —» ηρπ+, 
pp —• ρρπ° and pp —• «¿π+ together with the total inelastic cross section CR, which can 
be calculated with the optical theorem using the inelasticities obtained from the PWA. 
This yields the expression [Bre55, Hos68, Gre78, Gre79a] 
OR 
-
 σ - t T e l a s 
2fc2 Z(2J+m-\sj\
2), (7.7) 
where Sj is the AW S-matrix and к is the CMS-momentum. The total inelastic cross 
section resulting from the 0-500 MeV PWA agrees quite well with the experimental 
quantities (of course no such comparison can be made for the individual reactions as 
the analysis applies to pp scattering only). The curve resulting from the 0-500 MeV 




Figure 7.4: Inelastic cross sections up to 500 MeV. Solid line: this 0-500 MeV PWA; 
dashed line: VPI&: SU [Arn92a]. Experimental data points are from Bystricky [Bys78b]. 
· : total inelastic cross sections; ü: pp —^ ррж°; о: pp -^ 7r+d; o: pp —> ηρπ+. 
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7.3.3 The single-energy analyses 
We now briefly discuss the single-energy results. In the SE analyses a constant is fitted 
to the energy-dependent P-matrix parametrization. The single-energy elastic phase 
parameters and inelasticities that could be determined in this way at 14 energies are 
given in Table 7.2. The scattering data are divided into 14 single-energy bins such 
that the data are grouped as symmetric as possible around the energy at which the SE 
analysis is performed. For comparison the multienergy phase shifts are also included 
in Table 7.2. It must be noted, however, that the SE errors are an overestimation, the 
ME errors are not available at this moment. Most elastic SE and ME phase parameters 













































































Table 7.2: Single-energy results at 14 clusters. Л^ы,: number of scattering observables. 
Ny·. number of degrees of freedom. The phase parameters are with respect to electro­
magnetic wave functions and the single-energy error is the square root of the diagonal 
elements of the full error matrix. 
than 3 standard deviations) can be seen in the 1 G 4 (at 320 MeV), the 3Ρχ (at 386 MeV), 
the 3 P 2 (at 386 MeV and 440 MeV) and in the 3 F 3 (at 440 MeV). 
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Table 7.2: (continued). 

























































































































































































































































































































Table 7.2: (continued). 


























































































Table 7.2: (continued). 
100 Results 
7.4 Conclusions 
The coupling to the wd channel is not included in the 0-500 MeV PWA. To account for all 
missing inelasticity an extra imaginary contribution was fitted to the AW sector of the P-
matrix in the lDz partial wave. To get an idea of the missing inelasticity the 3Pi and l D2 
phase shift and inelasticity are given in Fig. 7.5 both for the original parametrization, 
and with the extra P-matrix parameter set to zero. The 3Pi phase parameters are not 
obtained from the 0-500 MeV PWA, but were fitted to the VPI&SU [Arn92b] SE values. 
The two different curves for the inelasticity show that indeed not all inelasticity is caused 
500 500 
100 200 300 400 
Figure 7.5: Phase shifts and inelasticities fitted to the VPI&SU values [Arn92b] vs. Т)аь 
in MeV. Solid lines: Α/Δ channel coupling and an additional inelasticity parameter in 
the AW P-matrix. Dashed lines: the latter is set to zero (no fit). 
by Α/Δ channel coupling. Still, at intermediate energies the single-pion production via 
ΝΔ intermediate states dominates [РІІ79, Eri88]. The curves in Fig. 7.5 show much 
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less than a 40% to 70 % difference (the contribution of the жа channel to the total 
inelastic cross section in the energy region between 400 and 500 MeV [Eri88]), so that 
most of the 7rd-channel coupling must indeed take place via ΛΓΔ intermediate states. In 
the 3Pi partial wave (that couples to an 5-state vd system) the effect is even smaller. 
We recall that the potential-model inelasticities in the 3Fi partial wave were too small 
in comparison with the single-energy values. The absence of the 7rd-channel coupling 
may be one of the causes of this problem. At the present moment no short-range nd 
potential has been included yet to check this. In the past several authors assumed the 
reaction pp —• ird to take place mainly through the NA channel [Man58, Gre76b, Gre76c, 
Gre82]. Recently more sophisticated and complicated models have been presented for 
the reaction pp -» ird [Klo80a, Klo80b, Dub87, Pop87, Ale90, Gar90] which go beyond 
the subject of nucleon-nucleon (two-body) potentials. 
To visualize the numerical accuracy, obtained in the PWA, the lDi phase parameters 
were calculated for respectively 20, 30 and 40 ΝΔ. mass channels. In each case the 
same P-matrix parameters were used. As can be seen in Fig. 7.6 the phase shift and 
inelasticity become smoother when the number of channels is increased (due to the 
computer-storage capacity it was impossible to use more than 40 channels). 
The χ2 value obtained in the present partial-wave analysis, 3422.5 for 3025 degrees 
of freedom, is quite satisfactory in comparison with other analyses in the intermedi­
ate energy region [Bug78, Dub82, Bug90, Arn92b]. For example the VPI&SU group 
obtained χ2 = 1.57 per data point in the 0-500 MeV energy region with their latest 
solution [Arn92a]. However there is still room for improvement as χ2/Α^ = 1-13 ' s 
obtained, which is about five standard deviations higher than the expectation value 
((X2/Af«r) = 1.00 [Ber88]). As expected at intermediate energies, the inelasticity domi­
nates in the '£>2 partial wave and is important in the 3Pj and 3Рз partial waves. The 
experimental values for the total inelastic cross sections are well reproduced, as can 
be seen from Fig. 7.4. The coupled-channels model provides a realistic mechanism to 
account for the inelasticity in pp scattering in the energy range below Т\
л
ъ = 500 MeV, 
and makes an excellent partial-wave analysis of the elastic scattering data in this energy 
region possible. 
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100 200 300 400 500 500 
Figure 7.6: lD2 phase shift and inelasticity vs. 7ìab in MeV for 20, 30 and 40 NA mass 
channels (reading downward), using the P-matrix parameters obtained in the 0-500 
MeV PWA. 
Outlook 
Much work still remains to be done in the field of intermediate-energy nucleon-nucleon 
scattering The most obvious way to proceed the work of this thesis is to extend the 
partial-wave analysis to energies above 7i
ab = 500 MeV In a partial-wave analysis up 
to 1 GeV the coupling of NN channels to . Л'* channels and ΔΔ channels becomes 
important One can also think of extending the data set by including inelastic scat­
tering data, such as pion-production cross sections At this moment only total and 
differential cross sections, and polarizations, are available for the pp —» πά reaction 
The treatment of such reaction data, however, demands a theoretical model to derive 
the inelastic observables from the intermediate baryon-baryon states This can be done 
by extending the coupled-channels model to three-particle ΝΝπ channels, as was done 
by Faddeev [Fad61, Fad65] and, more recently, Kloet et al [Klo80a, Klo80b Dub87] 
The parametrization of the P-matrix in the present work seems to be versatile enough 
to be used at higher energies Furthermore, the model can be extended by coupling the 
NN states to all the possible NA orbital angular momentum states that aro given in 
Table 1 1, and the Coulomb interaction in the ΝΔ channel can be included It is clear 
that both the increase in the number of experimental data and the improved physics, 
included in the coupled-channels model can impose problems with respect to computer 
storage and time One way to avoid this is to reduce the model to an effective P-matnx 
model in the NN sector by explicitly performing the integration over the Breit-Wigner 
mass distribution and dropping the discretization of the Δ width [Lom82], as is shown 
in section 6 4 The drawback of this method is that the transition potential can only 
be included through the boundary condition and must be neglected in the potential 
tail [Lom86] 
Inelastic np scattering cannot be described completely within the ΝΝ-ΝΔ coupled-
channels model, as np states of isospin / = 0 cannot only couple to Λ/Δ states, due to 
isospin conservation Therefore, in the intermediate energy region the 1 = 0 channel 
inelasticity is dominated by other reactions An attempt can be made to determine the 
ΝΔπ coupling constant in a coupled-channels partial-wave analysis as was done before 
with the ΝΝπ coupling constant [Sto93] At this moment inelastic nucleon-nucleon 
104 
scattering is a subject of growing interest both to the theorists [Klo80a, Klo80b, Ver81, 
Lom82, Lom86, Dub87, Pop87, Ale90, Ani92, Pen92] and the experimentalists in view 
of the recent experiments just above the pion-production threshold [Shi82b, Tha87, 
Mey90, Sta91]. 
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Appendix A 
Coupling constants 
Throughout this work we use / ^ Δ τ / 4 π = 0.35 and /|ίΔ/,/4ΐΓ = 10.33. The former value 
can be derived from the natural width of the Δ resonance while the latter is a quark-
model prediction (the quark-model value for the ΝΔπ coupling is 0.23). Here we briefly 
discuss some model calculations of the coupling constants. The ΝΔ coupling constants 
from several sources are given in Table A.l. 
The calculation of the ΝΔπ coupling from the experimental value for the width at 
resonance is based on the relation [Sug68] 
Γ = 
k3 w INA* {ΜΔ + MNf • 
mi 
ΙΝΔτ ' 
24тг Ml (АЛ) 
and yields the value of 0.35 if one inserts 120 MeV for the width Г, 227 MeV/c for 
the CMS-momentum A
w
^ at resonance in the πΝ decay system, and 1232 MeV/c2 for 
the central Δ mass Л/д. This "experimental" value for the ΝΔπ coupling constant is 






















Table A.l: Model predictions for ΝΔ coupling constants. 
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= 0 3 6 2) 
4π 2 4π 
In the Chew-Low model [Bro75a> Bro75b, Che56] the factor | on the right-hand side is 
replaced by 4. Some authors, however, prefer the quark model [Ich72, Haa74, Are75, 
Bro75a, Bro75b] in which the nucléons and Δ isobars are assumed to be 3 quark systems. 
We shall use the quark model to calculate the ΔΔπ coupling constant. We start with 
the non-relativistic expressions for the ΝΝπ and ΔΔπ interactions 
CNS, = — Ψ ] ^ · т) Ф„0 
¿ΔΔ* = ^-~^Δ(Σ-θ)νΨΑφ, (Α.3) 
where φ, Φ дг, and Фд are the pion-, nucleón- and Δ-isobar wave functions respectively. 
The nucleón and Δ-isobar wave functions are constructed from 3 quark states. Α Δ + + 
with spin ¿-component 52 = \ can simply be written as Δ + + = и ] и Τ и f. Let the 
quarks couple to the pions via an interaction similar to that of the nucléons 
CQ* = S-^ Σ ».-*•·. ( A · 4 ) 
where σ
χ
 and r, operate on the ¿th quark in the nucleón state. Using the proper wave 
function for the proton we obtain the matrix element 
(PTI^IPO^V (A.5) 
Choosing this to be equal to (p f \£NN-W\P Î) the quark coupling can be expressed in 
terms of the nucleón coupling: 
3 
/g* = TÎNNT- (A.6) 
If we wish to know the quark-model value for the ΔΔπ coupling we can replace the 
proton states in the matrix element by two Δ + + states with spin Sz = | . This yields 
(Δ + + (5 2 = l)\CQ„\A++(Sz = §)) = 3 ^ . (A.7) 
mT 
The analog for the interaction at isobar level reads 
(Δ + + (5
Ζ
 = ! ) | £ Δ Δ „ | Δ + + ( 5 2 = f)) 
=
 fAA
"(A++(Sz = l)№-e\b++(Sz=32)) 
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where we inserted з\/І5 for the reduced matrix elements given in Appendix C. By 
comparing the quark and isobar interactions we we find that 
/ Δ Δ Χ = 3 / Q X = -/jVAfir-
о 
So the quark-model prediction for the Δ Δ π coupling reads 
/ΔΑ* _ 81 JN\T ^ 




By evaluating the matrix element of the ΝΑπ interaction between a Δ isobar and a 
nucleón one obtains in a similar way [Bro75a, Bro75b] 
J ΝΑπ ' 2 /jv.W 
4π 25 4π 
The relativistic NNp interaction Hamiltonian reads 
K. 
0.23. 
4M, ΉΝΝρ = 9ΝΝρ 
where Μ, is a scaling mass while K
s
 and QNNP are given by [Klo91] 
9
^ « 0.8915 
4π 
=
 f NNp ^ , K„ = '"-'-? и 3.985. 
9NNp 
The quark-model prediction for the NAp coupling is [Haa74] 
- ^ - ( i -ι- к.) 
25 
f NAp _ 72 





The Nijmegen values yield 10.5 for the NAp coupling. We will use fN^p/in = 10.33, 
which is the quark-model prediction favored by other authors [Bro75b, Faa83]. 
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Appendix В 
Parametrizations 
of the K-matrix and S-matrix 
B.l The if-matrix 
There are various ways to parametrize the S-matrix and the /^-matrix in terms of the 
phase parameters. We shall start with the Arndt parametrization of the K-maXrìx, 
which is used throughout this work. The advantage of the Arndt parametrization is 
that it directly parametrizes the X-matrix [Arn82, Arn83]. For the uncoupled NN 
channels the parametrization is : 
К = Re[K] + Im[K] = tan 5 +г tan2 ρ (B.l) 
so δ is the elastic phase parameter and ρ is the inelastic parameter. The coupled NN 
channels' X-matrix reads 
K- KQ \ .1 tan2p_ tan p_ tan ρ f cosci» 
Ко К+ J \ tan р_ tan р+ cos φ tan
2
 ρ+ 
K = l „
 v




sin(<5+ + S-) ±cos2esin(ó+ — <L) 
cos(5+ + 6-) + cos2ecos(5+ - <5_) 
sin2e 
(B.3) 
cos(¿j. + <L) + cos2ecos(<5+ - ¿_)" 
The off-diagonal inelasticity parameter φ is usually set zero [Arn88, Bug90], which 
means that the inelasticity dominates in a single channel, and the complex /^-matrix is 
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parametrized with five parameters. The real part of the ./(-matrix corresponds to the 
following 5-matrix [Sta57] 
/ cos2ee2tó- isin2eei^-+s*'> \ . . 
\iún2e е**-+Ы cos2ε e2*+ ) ' [ ' 
All results for the partial-wave analyses are given in terms of these parameters. For 
convenience and comparison with other analyses we shall now briefly discuss some al­
ternative parametrizations of the 5-matrix. 
B.2 The S-matrix 
Most authors [Bug78, Dub82, Bry81, Bry84, Bry89, Bug90] parametrize the 5-matrix 
instead of the if-matrix. The two scattering matrices are related through [2.10]. For 
uncoupled NN channels the 5-matrix is given by 
S =
 Ve™, (B.5) 
where η can be cos ρ ( [Bug78, Bry84]) or cos2ρ ( [Dub82, Bug90]). In Bystricky's 
analysis [Bys87a] the phase shift δ is chosen to be complex so that the imaginary part of 
the phase shift is the inelasticity parameter. For the coupled AW channels, the Bryan 
parametrization is somewhat more elaborate than Arndt's parametrization but it also 
has the advantage of less ambiguities and anomalous behaving phase parameters. The 
main idea is not to parametrize the AW elastic 5-matrix but to parametrize a total 5-
matrix for all the reaction channels: AW as well as absorptive channels like ΛΆ, ΝΝπ, 
ird etc. This 5-matrix is written 
•-(££)· ( Β · 6 ) 
The elastic sector 5-matrix S
aa
 then reads 
Saa = e ^ N e V 6 , (B.7) 
where δ and e are the 2 x 2 matrices: 
-di) -i:i)· 
and N is a real symmetric 2 x 2 matrix containing the inelastic parameters α, β and 7: 
_ / cos 2/3 cos2 α — sin2 a — sin 2a cos β sin 7 \ /noi 
\ — sin 2a cos β sin 7 cos 27 cos2 a + sin2 a / 
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The total elastic case is therefore a = β = η = 0. The procedure to extract 6 phase 
parameters from the NN S-matrix S^ can be found in the papers by Bryan [Bry84, 
Bry89]. In the Dubois and Bystricky analyses no difference is made in the treatment of 
coupled and uncoupled AW channels. Dubois and Bugg use [Dub82, Bug90] 
/ cos2 p- cos 2ε e2is- i cos p_ cos p+ sin 2e e^*-+6+) 
\ i cos p_ cos P+ sin 2Ê e'(<-+s+) cos2 p+ cos 2e e2,6+ 
where ε may be complex. With these definitions it is easy to convert the desired S-matrix 
parameters into the Arndt A"-matrix parameters, and vice versa. 
(B.10) 
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Appendix С 
Two-part iele matr ix elements 
C.l Spin operators 
The operator matrix elements appearing in the potentials can be calculated by angular 
momentum algebra. They can be expressed in terms of the three spin-transition opera­
tors σ, S and Σ and the angular momentum operator L. We assign the single-particle 
s2 - Sj 
S = si + s2 S' = si + s'2 
Sì '· 8χ 
Figure C.l: Single-particle spin quantum numbers. 
spin quantum numbers as indicated in Fig. C.l. The reduced matrix elements, which 
can be calculated using the definitions in Eqs. [1.25] and [1.27], are given by 
( Η σ | |§> = v/6 (f || S | | i ) = 2 
(i || St | |§) = -2 (f || Σ || §> = |VÏ5 . (C.l) 
The angular-momentum operator has the reduced matrix element 
(/' || L || i) = 6Wy/l(l + l)(2l + 1). (C.2) 
The two-particle (AW or ΛΓΔ) states we shall denote by \LSJMj). For two arbitrary 
spin operators A and В the matrix elements are given by 
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(L'S'J'M'j\A • B\LSJMj) = 6LL,SJJ,6MJMJI6SS'(-)-'1+2"-°> 
I «2 «Ι I J 
(L'S'J'M'j\S%B\LSJMj) = 6JJ.6M]MJ, 
£2 ^1 ^ 
χ (s', Il A II зШ II В II 32)FjLS { зг Sl S 




FJLS = (-)J+sj30(2L+l){2L' + l)(2S + 1)(25' + 1) 
( L' 2 L\( L' S J } 
The spin-orbit matrix elements are given by 
(L'S'J'Mj.\A • В (С · L) \LSJMj) = Í ^ ¿ M , M J , 5 L L ' ( - ) * : , " ' Í ( - ) L + - , + S + 1 
χ <-1І|вц*){£ l І} 
χ / ¿ (L + 1K2L +ТУ(25 + 1)(2S' + 1) J > ; || A || ,»)<-" Il С || ai) 
в" 
Г S 1 5' 1 Í з\ s2 S' Ì 
Ь " 52 «ι ƒ \s2 3" 1 J ' 
(¿'5 'М,,|8к2в (С · L) \LSJMj) = 6jj.6MjUjl{-)L+s ( J J J ) 
χ ^ЗОЦІ, + 1)(2L + 1)(2L' + 1)(25 + 1)(25' + 1) 
x (52 II В ||




5o ^ 1 ^ / L' 5" J \ ƒ 5 1 S" \ ƒ L 5 J \ Г 2 0 1 " (C.7) 
The supplementary space-exchange operator Ρ appearing in the exchange potential has 
the matrix element 
{L'S'J'MJ\P\LSJMJ) = (-)16„>6
М]щ6и,655: (C.8) 
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»i 
I = ii + i2 
¿2 
Г = І'і+І2 
•H 
Figure С.2: Single-particle isospin quantum numbers. 
NN -> NN NN -> Ν Δ Ν Δ -• Ν Δ ΛΓΔ -» Δ Ν 
1 _ 1 _ - 8/3 I .-5/3 
Table C.I: Isospin factors. 
-1/3 
С.2 Isospin factors 
The transition amplitude contains an overall factor following from isospin because the 
interaction is isospin invariant. In our convention the three isospin operators τ , Τ and 
θ have the reduced matrix elements 
(I I) = /6 <| | | Τ || I) 
<i||Tt||3)
 =
 _ 2 ( I || β || f) = |v^5, (C.9) 
and are identical to the matrix elements of the spin operators. In a two-particle 
Feynman diagram the isospin quantum numbers are as given in Fig. C 2 . I and I' denote 
the isospin in the initial and final state respectively. For pp scattering I = I' = 1. The 
factor arising from isospin reads 







The isospin ƒ = 1 factors are given in Table C l . 
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Samenvatting 
Proton-protonverstrooiing tot 500 MeV met koppel-
ing aan NA kanalen 
Het onderwerp van dit proefschrift behelst de interactie tussen nucleonen, in het bij-
zonder protonen, bij kinetische energieën tot T¡ab = 500 MeV. Als bron van informatie 
dienen de elastische proton-proton verstrooiingsdata, welke in de afgelopen decennia 
zijn verzameld. Tot laboratorium kinetische energieën van Ті
а
ь = 280 MeV vindt uit­
sluitend elastische verstrooiing plaats, dat wil zeggen dat in het reactieprodukt geen 
andere deeltjes dan protonen voorkomen (pp —> pp). Bij hogere energieën kunnen ook 
andere deeltjes gevormd worden; er is dan sprake van inelastische verstrooiing. Tot Тиь 
= 500 MeV zijn de mogelijke reacties: pp —> ρρπ°, pp —» ηρπ+ en pp —• ¿π"1", waarbij 
η staat voor het neutron, ж voor het pion en d voor het deuteron. Voor een adequate 
beschrijving van het elastische proces pp —> pp boven 280 MeV is het noodzakelijk dat 
rekening wordt gehouden met de mogelijkheid van inelastische verstrooiing. We be­
spreken eerst de proton-proton faseverschuivingsanalyse, of partiële golfanalyse, welke 
dient als instrument om de pp interactie te bestuderen. Vervolgens komt het theoretisch 
kader voor inelastische verstrooiing, het gekoppelde-kanalenmodel, aan de orde. 
Het proton-protonsysteem wordt quantummechanisch beschreven door een golffunc-
tie, met behulp waarvan de theoretische waarden voor de experimenteel meetbare obser-
vabelen zijn te berekenen. De golffunctie, welke aan de Schrödinger vergelijking voldoet, 
bestaat uit een sommatie over partiële golven, die elk een ander spin- en baanimpulsmo-
ment dragen. De proton-protoninteractie of potentiaal veroorzaakt een verschuiving in 
het asymptotisch gedrag van de golffunctie, zodat alle partiële golven een zogenaamde 
faseverschuiving ondergaan. Deze faseverschuivingen zijn daarom van belang voor het 
bestuderen van de wisselwerking tussen de protonen. De verstrooiingsobservabelen kun-
nen uitgedrukt worden in de faseverschuivingen. Ondanks het in principe oneindig aan-
tal mogelijke partiële golven kan met de bepaling van een beperkt aantal faseverschuivin-
gen worden volstaan, omdat de protonen in de toestanden met hoger baanimpulsmoment 
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van elkaar zijn afgeschermd door de centrifugale barrière. 
In een faseverschuivingsanalyse worden de faseverschuivingen bepaald aan de hand 
van de experimentele verstrooiingsdata. Het lange-drachts gedeelte of staart van de 
potentiaal (buiten г = b = 1.4 femtometer) bestaat uit electromagnetische (Coulomb 
en vacuümpolarisatie) en nucleaire (meson-uitwisseling) bijdragen, welke theoretisch 
bekend zijn, en waarmee de Schrödinger vergelijking kan worden opgelost. De fase-
verschuivingen in de lagere partiële golven worden vervolgens bepaald door een energie-
afhankelijke randvoorwaarde op г = ò; de P-matrix, fenomenologisch te parametriseren. 
Door de P-matrix te vergelijken met de oplossing van de Schrödinger vergelijking op 
τ = b kunnen de faseverschuivingen berekend worden en zijn de theoretische waarden 
voor de observabelen te bepalen. Deze kunnen dan worden vergeleken met de experi­
menteel bekende grootheden. Zo is het mogelijk in een x2-minimalisatieprocedure de P-
matrix parameters te fitten en de beste parametrisatie te bereiken voor het (theoretisch 
minder bekende) binnengebied van de interactie. Indien nu inelastische verstrooiing 
naar niet-pp kanalen plaatsvindt, worden de faseverschuivingen complex. Het imagi­
naire gedeelte van de faseverschuiving wordt de inelasticiteit genoemd. Het doel van 
dit werk is de onlangs gepresenteerde fase-analyse tot Т]
а
ь = 350 MeV [Ber90], waarin 
inelasticiteiten verwaarloosd zijn, voort te zetten naar hogere energieën en de hiervoor 
noodzakelijke inelasticiteiten te bepalen. 
Het theoretisch kader hiervoor is het gekoppelde-kanalenmodel, waarin de overgang 
NN —* NA een centrale rol speelt. Hierin staat N voor het nucleón en Δ voor het 
Delta-deeltje, een instabiele resonantie van het pion-nucleon systeem met spin-pariteit 
Jp = j + , massa 1232 MeV/c2 en een vervalsbreedte Γ = 120 MeV. Het instabiele 
karakter van de Δ uit zich in het verval Δ —• Νπ. Tengevolge hiervan is de kop­
peling van het NN kanaal aan het NA kanaal al merkbaar bij energieën ver beneden 
de fysische produktiedrempel van 633 MeV. In het gekoppelde-kanalenmodel bestaat de 
Schrödingervergelijking uit een stelsel gekoppelde 2e orde differentiaalvergelijkingen, dat 
in aanwezigheid van de NN-NA potentiaal dient te worden opgelost. Deze bestaat uit de 
nucleon-nucleon potentiaal, de overgangspotentiaal voor het proces NN —• NA en de 
diagonale interactie, die correspondeert met het proces NA —• NA. De NN potentiaal is 
gecorrigeerd voor de twee-pion-exchange bijdragen met NA tussentoestanden, welke het 
gevolg zijn van de iteratie van de overgangspotentiaal. De overgang NN —> NA vindt 
hoofdzakelijk plaats via pion- en rho-meson uitwisseling. Met behulp van de volledige 
potentiaalstaart en de NN-NA P-matrix kan binnen het gekoppelde-kanalenmodel een 
faseverschuivingsanalyse uitgevoerd worden. Zodra de kinetische energie 7]
а
ь van het 
ingeschoten proton voldoende is zal het NA kanaal openen en wordt de faseverschui­
ving in het NN kanaal complex. De natuurlijke breedte van de Δ isobaar wordt in 
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de berekeningen gesimuleerd door het NN kanaal te koppelen aan een eindig en vol­
doende aantal NA kanalen, welke ieder een andere massa ΜΔ ι en gewicht Wx hebben. 
De gewichten W, corresponderen met de continue Breit-Wigner massaverdeling van de 
Δ. Op deze wijze wordt iedere NN partiële golf gekoppeld aan een ΝΔ "continuüm". 
In de uiteindelijke fase-analyse tot Т)аЬ = 500 MeV werd gebruik gemaakt van 37 
vrije P-matrix parameters. Er werd een χ2 bereikt van 3421.5 voor een totaal aantal van 
3328 verstrooiingsdata. De χ2 per vrijheidsgraad was 1.13. Dit is een grote verbetering 
in vergelijking met recente andere fase-analyses in dit energie gebied [Bys87a, Arn83, 
Arn87, Arn92a, Arn92b]. In de recente fase-analyse van Arndt et al. wordt een waarde 
bereikt van χ2 ss 1.5 per vrijheidsgraad. 
Dit proefschrift is als volgt ingedeeld: na een algemene inleiding wordt in hoofdstuk 
1 het Rarita-Schwinger formalisme beschreven, dat noodzakelijk is voor de behandeling 
van verstrooiing waarin spin | deeltjes een rol spelen. In hoofdstuk 2 wordt uiteengezet 
hoe de Schrödingervergelijking in het gekoppelde-kanalenmodel kan worden opgelost. 
Hoofdstuk 3 behandelt de theoretische afleiding van de Breit-Wigner-gewichten uit de 
Δ massaverdeling. In hoofdstuk 4 worden de gebruikte NN-NA potentialen afgeleid in 
impuls- en configuratieruimte. Hoofdstuk 5 bevat een overzicht van de in de fase-analyse 
gebruikte verstrooiingsdata tot 500 MeV. In hoofdstuk 6 wordt de parametrisatie van 
de P-matrix als functie van de energie behandeld. In hoofdstuk 7 worden de resultaten 
van de fase-analyses besproken en toegelicht. Tot slot worden enkel suggesties gedaan 
voor de voortzetting en verbetering van het model, dat aan de 0-500 MeV faseverschui-
vingsanalyse ten grondslag ligt. De toegevoegde appendices zijn gewijd aan de fysische 
koppelingsconstanten, de parametrisatie van de 5-matrix en K-m&tiix in termen van 
de faseverschuivingen, en de berekening van de noodzakelijke matrixelementen van de 
2-deel t j esoperatoren. 
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